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ABSTRACT 
Exact dynamical and kinematical  equations governing the  attitude 
and t r a n s l a t i o n a l  motions of a six-degree-of-freedom symmetric r i g i d  
body under the  ac t ion  of a body-fixed force  a r e  formulated. From these  
equations, an ana ly t i ca l ,  b u t  approximate, descr ip t ion  of the  behavior 
of the  system i s  obtained. The v a l i d i t y  of these  p red ic t ions  i s  
es tabl i shed by comparing them with p red ic t ions  based on d i g i t a l  com.puter 
so lu t ions  of t h e  exact  equations of motion. The so lu t ions  are then used 
t o  study motions of a symmetric gyrostat .  
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1. INTRODUCTION 
The simplest  conceivable scheme f o r  providing an as t ronaut  w i t 2 1  the 
c a p a b i l i t y  t o  perform con t ro l l ed  t r a n s l a t i o n a l  motions i n  " f ree"  space i s  
t o  a t t a c h  a s i n g l e  t h r u s t e r  t o  a p a r t  of h i s  body. Such a thruster would 
generate pure t r a n s l a t i o n a l m o t i o n  i f  the  l i n e  of ac t ion  of the tlarrist 
could be xnade t o  pass through the  cen te r  of mass of t h e  system, However, 
i n  any r e a l  system, it i s  p r a c t i c a l l y  impossible t o  make t h e  Line of 
ac t ion  of  a t h r u s t  pass through a preassigned point ,  and t h e  use of a 
s ing le  t h r u s t e r  must, therefore ,  be expected t o  give r i s e  t o  both rota-. 
t i o n  and t r ans la t ion .  This f a c t  provided t h e  motivation f o r  the  present  
inves t iga t ion .  
The i d e a l  a n a l y t i c a l  model f o r  the  purpose a t  hand would be an  
a r b i t r a r y  r i g i d  body under t h e  ac t ion  of a misaligned (not  passing 
through t h e  mass c e n t e r ) ,  body-fixed force. A number o f  authors [I, 2,3]* 
have d e a l t  with t h i s  problem, b u t  a complete, a n a l y t i c a l  desc r ip t ion  of 
t h e  motion does not appear t o  have been given t o  date. The complexity 
of the  problem i s  indica ted  by the  f a c t  t h a t  no one has y e t  been able to 
obta in  a closed-form so lu t ion  t o  even t h e  Euler  dynmica l  equations, let 
alone the  kinematical equations f o r  t h i s  problem. Leimanis and Lee 
[1 ,2]  developed expressions f o r  t h e  angular ve loc i ty  of the  body f o r  t h e  
spec ia l  case of a body-fixed fo rce  whose moment about t h e  mass cen te r  i s  
p a r a l l e l  t o  one of the  p r i n c i p a l  axes of i n e r t i a  of the  body for the  mass 
* Numbers i n  brackets  designate references  i n  the  Bibliography, 
center ;  however, these expressions involved i n t e g r a l s  which, i n  generclE, 
cannot be evaluated by quadrature. Grammel [ 3 ]  constructed a p p r o x b a t e  
so lu t ions  of  E u l e r 1 s  dynamical equations, by f i r s t  considering the  case 
of a torque vector  p a r a l l e l  t o  t h e  a x i s  of minimum o r  maximum p r i n c i p a l  
moment of i n e r t i a  f o r  t h e  mass center ,  l e t t i n g  the  i n i t i a l  angular ve:Lo- 
c i t y  vector  have but  a  small component perpendicular t o  the  chosen axxs, 
and using an i t e r a t i v e  method. Next, he turned t o  the  case of a torque 
vector  t h a t  devia tes  only a  l i t t l e  from one of t h e  above mentioned axes 
while the  i n i t i a l  angular ve loc i ty  vector  i s  p a r a l l e l  t o  t h e  chosen axis ,  
By combining these  two solu t ions ,  he  then obtained an approximate sol~x- 
t i o n  of Eu le r ' s  equations f o r  torques f ixed  i n  the  v i c i n i t y  of 'the axes 
of l a r g e s t  o r  smal les t  p r i n c i p a l  moment of i n e r t i a .  
A major s t e p  i n  the  d i r e c t i o n  of decreased a n a l y t i c a l  complexity 
(-an be taken i n  a  physica l ly  meaningful way by taking advantage of the 
f a c t  t h a t  the  i n e r t i a  e l l i p s o i d  f o r  the  mass cen te r  of a  man i n  -the pos- 
t u r e  of wat tent ionlv  i s  near ly  axisymmetric, with t h e  symmetry a x i s  
p a r a l l e l  t o  t h e  man's spine. (The two t ransverse  p r i n c i p a l  moments of 
i n e r t i a  f o r  t h e  mass cen te r  of an average man have values of a p p r o x h a t e l y  
2 7.4 and 7.9 s lug- f t  . ~ur the rmore ,  i f  a back-pack is  mounted on the  man, 
the  two t ransverse  p r inc ipa l  moments of i n e r t i a  can be made even more 
near ly  equal t o  each o ther  by designing the  back-pack s u i t a b l y , )  Thus 
it appears t h a t  one may expect t o  der ive  useful  information from the study 
of a  symmetric r i g i d  body. A f u r t h e r  s impl i f i ca t ion  r e s u l t s  f ron  restrict- 
ing the  analys is  t o  body-fixed fo rces  whose l i n e s  of ac t ion  l i e  i n  the  
plane containing the  mass cen te r  of t h e  system and normal t o  the s m e t r y  
axis. 
O n e  of the  f i r s t  authors t o  dea l  with t h e  problem of a  s p e t r i c  
body subjected t o  the  ac t ion  of a  body-fixed torque was ~Edewadt [4 ] ,  
who showed t h a t  the  s o l u t i o n  of Eu le r ' s  dynamical equations can be ex- 
pressed i n  terms of i n t e g r a l s  of  the  Fresnel  type. unfortunately,  t h e  
next s t e p  of t h e  so lu t ion ,  t h a t  of in teg ra t ing  a  s e t  of kinematical  equa- 
t ions ,  q,sas based on a  f a l s e  premise, because, a s  may be v e r i f i e d  by sub- 
s t i t u t i o n  from Eq. (49) i n t o  Eq. ( 4 2 )  of [4], t h e  method proposed by 
Biidewadt i s  v a l i d  only when the  matr ices  u and W' commute, which i s  mi= 
the  case f o r  the  problem a t  hand. Consequently, the  o r i e n t a t i o n  o f  t h e  
body remains t o  be determined a s  a  function of time. (An English t rans-  
l a t i o n  of B8dewadt8s work appears i n  Chapter 10 of L e i m a n i s 9 o s k  [I].) 
The problem of t h e  symmetric body has  a l s o  been s tudied  by Auelmam 
[5],  who attempted t o  f ind  a  closed-fom so lu t ion  t o  the  kinematicah 
e w a t i o n s .  While f a l l i n g  shor t  of t h i s  goal, he  succeeded i n  obtaining 
an expression f o r  t h e  angle between the  symmetry a x i s  and t h e  i n i t i a l  
d i r e c t i o n  of t h e  symmetry a x i s  f o r  the  s p e c i a l  case when i n i t i a l  angular  
ve loc i ty  i s  normal t o  the  symmetry axis .  
A very e legant  t reatment of the  problem of a  symmetric r i g i d  body 
under t h e  ac t ion  of a  constant  body-fixed force  whose moment about the  
mass center  i s  p a r a l l e l  t o  the  symmetry a x i s  was presented by VaPeev [ 6 ] ,  
who used continued f r a c t i o n s  t o  ob ta in  a  desc r ip t ion  of the  motion of a  
space-fixed u n i t  vector  r e l a t i v e  t o  t h r e e  body-fixed u n i t  vectors  p a r a l l e l  
t o  p r i n c i p a l  axes of i n e r t i a  f o r  t h e  mass center .  
F inal ly ,  the  problem of p lanar  motions of a  human being under t h e  
ac t ion  of a  body-fixed force  was a t tacked by Yatteau and Kane [ 7 ) ,  who 
developed closed-form so lu t ions  t o  the  two dimensional a t t i t u d e  and 
LransPationaP equations, The p resen t  inves t iga t ion  may thus  be rega.rded 
a s  an extension of the work of Yatteau and Kane t o  t h r e e  dimensions, 
The analys is  which follows i s  divided i n t o  four major p a r t s ,  The 
f i r s t  of these, Chapter 2, conta ins  a d e t a i l e d  desc r ip t ion  of t h e  system 
t o  be studied, and t h e  o r i e n t a t i o n  angles t o  be used i n  describing t h e  
a t t i t u d e  of the  body a r e  defined. Next, i n  Chapter 3, exact  dynarnicak 
and kinematical  equations governing a t t i t u d e  motions a r e  formulated; the  
dynamical equations a re  solved exact ly ;  and an approximate so lu t ion  t o  
t h e  kinematical  equations i s  obtained.  he v a l i d i t y  of t h e  approximate 
so lu t ion  i s  then t e s t e d  by comparison with d i g i t a l  computer i n t e g r a t i o n s  
of the  exact  equations. I n  Chapter 4, t h e  motion of the  system mass 
cen te r  i s  studied i n  t e r n s  of an  approximate a n a l y t i c a l  so lu t ian ,  and 
r e s u l t s  a r e  once again t e s t e d  by means of comparisons with so&utions 
obtained by numerical in tegra t ions .   ina ally, chapter  5 deals  with the 
app l i ca t ion  of t h e  r e s u l t s  given i n  Chapters 3 and 4 t o  symmetric gyro- 
s t a t s  subjected t o  body-fixed forces  and torques. 
2. PF?E LIMINARIE S 
2.1 System Descript ion 
The system t o  b e  analyzed i s  shown i n  ~ i g u r e  1, where B represents 
an a x i a l l y  symmetric r i g i d  body of mass m . The cen te r  of mass of B , 
designated B* , i s  located by a pos i t ion  vector  X r e l a t i v e  t o  a point 
- 
0 thac  is fxxed i n  an i n e r t i a l  reference frame A. Mutually perpendicu- 
l a r  u n i t  vec tors  a  a  and a = a 
-1 "2 I 3 -1 X d2 a r e  f ixed  i n  A , and 
mutually perpendicular u n i t  vec to r s  b b and b = bl x *b2 are 
-2 ' -3 
f ixed i n  B p a r a l l e l  t o  p r i n c i p a l  axes of i n e r t i a  of B f o r  B* , with 
23 p a r a l l e l  t o  t h e  symmetry a x i s  of B . 
The moments of i n e r t i a  of B with r e spec t  t o  l i n e s  passing through 
B* and p a r a l l e l  t o  b b 
-1' -2 ' and b have t h e  values I, I, and J, 
-3 
respectively.  
I t  i s  presumed t h a t  B i s  subjected t o  the  a c t i o n  of a force F 
- 
of constant magnitude and f ixed d i r e c t i o n  i n  B. This force  i s  awlied 
t o  B a t  a f ixed  po in t  Q which i s  located r e l a t i v e  t o  B* by a vector 
q. Furthermore, it i s  assumed t h a t  both F and q a r e  perpendicu:&ar t o  
- - - 
b Hence, i f  t h e  nine s c a l a r  q u a n t i t i e s  x i' F a n d q  (i== l . t :2t3)  -3' i '  i 
a r e  defined a s  
Figure 1. Model of an Axially Symmetric Rigid Body 
then 
and 
When t h e  force  F exerted on B a t  Q i s  replaced with a force 
- 
applied a t  B* together  with a couple of torque T , then 
- 
and, i n  view of Eqs .  (2.4) and (2.5), 
T = (qIF2 - qZF1) b3 
-
Hence, i f  a  cons tant  T i s  defined a s  
then 
T = T b  
- -3 
2.2 Orienta t ion  Angles and Direct ion Cosines 
In  the  sequel, it w i l l  be necessary t o  make use of r e l a t ionsh ips  
between o r i e n t a t i o n  angles and d i r e c t i o n  cosines. This top ic  is, there- 
fore,  discussed b r i e f l y  i n  genera l  terms. 
I f  z l ,  g2, and ci form a d e x t r a l  s e t  of orthogonal u n i t  vectors 
-3 
f ixed i n  a reference frame cr ( see  Figure 2) ,  and p p p f om a 
-1' -2' -3 
similar se t  of u n i t  vec tors  f ixed i n  a r i g i d  body p , then  B can be 
brought i n t o  any des i red  o r i e n t a t i o n  r e l a t i v e  t o  cr. by a l igning 13 
--i 
Figure 2. A t t i t u d e  Angles 
w i t h  a (i =- % , 2  31, and then  performing successive r o t a t i o n s  of 
.-i 
of amounts yL a y 2 ,  and y3 ,  these  r o t a t i o n s  being characterized by 
t h e  vectors  yIP3 flYZill y3 Q3 respectively.  Furthermore, i f  direc--  
t i o n  cos ines  Yi j i ,  j = 1, 2 ,  a r e  defined a s  
these are r e l ~ t e d  ta the angles yI , y2 , and yY3 a s  follows: 
ygL = cos y1 cos y3 - cos y2 s i n  y s i n  y3 1 (2.  n?i) 
- cos yl s i n  y - cos y2 s i n  yl cos y3 y12 - - 3 (2,121 
y13 = s i n  y s i n  y 2 1 (2,131 
Y21 = s i n  y1 cos y3 + cos y cos y s i n  y3 2 1 (2,141 
Y2 2 
- - s i n  y s i n  y + cos y cos  y cos y 
1 3 2 1 3 (2,151 
23 
- - s i n y  c o s y  
2 1 (2,161 
Y3 1 = s i n  y2 s i n  y 3 ( 2 - 1 3 )  
y3 2 = s i n  y2 cos y3 / 2,E8) 
Y33 = COS Y 2 (2,191 
Given the  d i r e c t i o n  cosines,  one can f ind  unique values o f  t he  
angles y l ,  y 2 ,  and y3 i n  the  range from zero  t o  2n by taking the  
inverses  of the  following p a i r s  of  t r igonometric  functions: 
cos y = 
"3 
s i n  y = Y13 1 
-1 
s i n  y = 2 ( ~ 1 3 ~ 3 1  Y23Y32Y33) 
Y2 2 
cos y Y3 L 3 =- J Y ~ ~  + ?32 
Y32 
- 
s i n  y = . 3 2 J y:1 + y32 
The necess i ty  f o r  using p a i r s  of trigonometric funct ions  a r i s e s  from the 
f a c t  t h a t  the  inverse  tr igonometric  functions a r e  multiple-valued, Appen- 
d ix  A conta ins  a  For t ran  I V  subroutine intended t o  f a c i l i t a t e  such inver- 
s ions  of trigonometric functions. 
3. ORIENTATION 
3.1 Dynamical Equations 
The ana lys i s  of motions of a r i g i d  body B possessing r o t a t i o n a l  
symnetry i s  f a c i l i t a t e d  by introducing a reference frame, C, (see 
Figure 3) which is  f i x e d  n e i t h e r  i n  the  body B nor i n  the  ine r t i a l .  
re ference  frame A, b u t  is  constrained t o  move i n  such a way t h a t  a 
u n i t  vector,  c f ixed i n  C, remains a t  a l l  t imes equal t o  the  u n i t  
-3 ' 
vector  b which i s  f ixed i n  B. The angular ve loc i ty  of  R r e l a t i v e  
-3 
t o  C, t o  be denoted by 'wB, i s  then necessa r i ly  p a r a l l e l  t o  c and 
- 
-3 
can be expressed a s  
where s is  a function of time t. A s  w i l l  be seen presently,  it i s  
the  choice of s which furnishes  t h e  key t o  t h e  so lu t ion  of  t h e  problem 
a t  hand. However, no matter  how s i s  chosen, the  angular ve loc i ty  of 
C r e l a t i v e  t o  A, AwC , can be expressed a s  
- 
where ( i =  1,2,3)  a r e  f-unctions of t, and c and c a re  u n i t  
-1 -2 
vectors  f ixed i n  C, perpendicular  t o  each other ,  and such t h a t  
z1 x z2 = z3 . It  then follows t h a t  the  angular ve loc i ty  of B r e l a t i v e  
t o  A i s  given by 1 
Numbers beneath equal s i g n s  a r e  intended t o  d i r e c t  a t t e n t i o n  t o  equa- 
t i o n s  numbered correspondingly. 
Figure  3. I l L u s t r a t i o n  of  the Reference Frame C 
I t  may be v e r i f i e d  t h a t  t h e  angular momentum - H of B wi th  respect 
to B* i n  A is  given by 
Hence, i f  upper l e f t  supersc r ip t s  a r e  used t o  i d e n t i f y  t h e  reference 
frame i n  which a t ime-di f ferent ia t ion  of a  vector  i s  performed, then 
I n  accordance with the angular momentum pr incip le ,  the  time rate 
of change of - H i n  A i s  equal t o  the  t o t a l  moment about B* of the 
force ( s )  act ing  on Be Thus 
and s u b s t i t u t i o n  i n t o  Eq. (3.5) leads t o  t h e  s c a l a r  equations 
Eqs. (3.71, (3.8), and (3.9) contain four  unknown quan t i t i e s ,  
pl I p3 and s. However, s was introduced so le ly  f o r  the pur-  
pose of f a c i l i t a t i n g  t h e  ana lys i s  and may, therefore ,  be chosen a t  w i l l ;  
and a choice which, indeed, s impl i f i e s  the  subsequent analys is  i s  
where L i s  defined as  
I-J L 4  
J 
This permits  one t o  replace  Eqs. (3.7)- (3.9) with 
where 1 is  defined a s  
I f  pio denotes the  i n i t i a l  value of p (i = I, 2,3), E q s .  (3 .12)  - i 
( 3.14) lead  immediately t o  
Furthermore, 
The angular ve loc i ty  of B i n  A can now be found by subs t i tu t ion  
i n t o  Eq. ( 3 . 3 ) .  However, a s  it i s  advantageous t o  express AmB - i n  terms 
b and b r a t h e r  than c c and c a b r i e f  digres-" b l ~ - - 2 f  -3 -11 -2 I -3 I 
s ion  w i l l  prove useful .  
I£ c i s  taken t o  be equal  t o  El a t  t = 0, and 9 i s  defined 
-1 
then 0 i s  the  radian  measure of t h e  angle between b and c and 
-1 -1 * 
t h e  r e l a t i o n s h i p  between the  two s e t s  of u n i t  vec tors  -1 b I -2 b $ -3 b and 
c c c can be expressed a s  
- 1 1  - 2 '  -3 
c cos - s i n  8 0 b 
-1 -1 
C 
- 
s i n  9 cos Q 0 b 
-2 -2 
c 0 0 1 b 
-3 -3 
1f w (i = 3.,2,3) i s  now defined a s  i 
it follows from Eq. (3.3) that 
w = p1 cos 0 + p s i n  8 1 2 (3,231 
w2 = -P s i n  g + p cos 8 1 2 (3,241 
w3 = p3 + s 63.251 
Hence, if IJJ denotes t h e  i n i t i a l  value of w (i = 1 , 2 . 3 ) .  Enen i 0  i 
- 
w l ~  - P 1 ~  / 3 , 2 6 )  (3.23) 
and 
and 
so t h a t ,  s u b s t i t u t i n g  i n t o  Eqs. (3.23) - (3.25), one f inds  
- 
- wlo cos 6 + uzo s i n  6 
- 4- cos 
@2 = -W 10 s i n  8 + w~~ cos 8 
- d- s i n  63,35) 
Eqs. (3.33) - (3.36) c o n s t i t u t e  a  complete so lu t ion  of the  dynamical 
equations of r o t a t i o n a l  motion f o r  t h e  problem a t  hand. The f i r s t  two 
of these  equations may be regarded a s  parametric equations of a c i r c l e  
of radius  Jr + W20 i n  the  p lane  normal t o  -3 b " a  plane wh ich  we 
s h a l l  c a l l  t h e  equa to r i a l  plane. The equations show, furthermore, khat 
t h e  orthogonal projec t ion  of  t h e  vector  AWB - i n  t h i s  plane r o t a t e s  
about the  symmetry a x i s  with an angular  speed s given by Eq, (3,321,  
Considering t h e  expression f o r  &3 ( see  Eq. (3.36)),  one can tinus con- 
clude t h a t  the  end point  of A ~ B  - descr ibes  a  h e l i c a l  curve on t h e  sur- 
face  of a  cyl inder of  radius  ; t h a t  'olB - tends toward 
para l l e l i sm with t h e  symmetry a x i s  of B;  and t h a t  t h e  symmetry a x i s  
approaches some l i n e  f ixed i n  reference frame A. 
To describe the  instantaneous o r i e n t a t i o n  of B i n  A, one must 
i n t e g r a t e  y e t  one more s e t  of d i f f e r e n t i a l  equations, the  so-called 
kinematical  equations. 
3,2 Kinematical Equations 
Conceptually, t h e  simplest  way t o  obta in  a complete description. of 
t h e  a t t i t u d e  motion of B i n  A would be t o  solve the  nine f i r s t - o r d e r  
d i f f e r e n t i a l  equations governing the  elements of the  d i r e c t i o n  cosine 
matr ix  r e l a t i n g t h e  body-fixed u n i t  vectors  b b b t o  the  space- 
-1' - 2 '  -3 
f ixed  u n i t  vectors  a a a . However, s ince  these  equations a re  
-1 "2' -3 
s t rongly  coupled and involve the  time-dependent funct ions  u, (i = 1,2,3) i 
(see  Eqs. (3.34)- (3.36) ) ,  t he re  appears t o  be  l i t t l e  hope of c a r r y i r g  
such a solu t ion  t o  a successful  conclusion. Al ternat ive ly ,  one may take 
advantage of  t h e  r e l a t i v e  s impl ic i ty  of the  d i f f e r e n t i a l  equations govern- 
ing  the  elements of the  d i r e c t i o n  cosine matrix r e l a t i n g  c c c 
-1' -2 -3 
t o  a a a and of the  f a c t  tha t ,  once t h e  o r i e n t a t i o n  of C i n  
-1' -2 ' -3 
A i s  known, t h e  o r i e n t a t i o n  of B i n  A can be found eas i ly ,  because 
B performs a simple r o t a t i o n a l  motion i n  C, and the  time-dependence 
of the  angle 9 associa ted  with t h i s  r o t a t i o n a l  motion i s  already known 
(see  Eq. (3.33) ) . 
Accordingly, one may begin by defining a a s  i j  
and by observing t h a t  t h e  f i r s t  t ime-derivative of a .  i n  A ca.n be 
-1 
expressed a s  
Since a i s  f ixed  i n  A, t h i s  de r iva t ive  is  equal t o  zero. using 
-i 
Eq. (3.2),  one i s  thus  l ed  t o  
The q u a n t i t i e s  (i = 1,2 ,3)  appearing i n  Eq. (3.40) a r e  known func- 
t i o n s  of t ( see  Eqs. (3.29) - (3.31) ) ; furthermore, p2 may be set equal. 
t o  zero, f o r  t h i s  implies only t h a t  
t h a t  is, t h a t  A ~ B  i s  i n i t i a l l y  perpendicular t o  
- 
b2 ,  which can a.lways 
be arranged by choosing the  o r i e n t a t i o n s  of b and b i n  B sui tably ,  
-1 -2 
Consequently, one can replace Eqs. (3.40) with t h e  nine equations 
6 = -plai2 i 3  
or ,  a f t e r  using Eqs, (3.16) - (3.18), 
The i n i t i a l  value of a t o  be denoted by a (01, depends on i j  i j  
t h e  i n i t i a l  o r i e n t a t i o n  of c c 
-1' -2 ' and c r e l a t i v e  t o  a a 
-3 -1 "2 " 
and a3 . I f  c = a ,  a t  t = 0, which can always be arranged by  
-i -1 
choosing a .  (i = 1,2,3)  properly, then (see Eqs. (3.37)) 
-1 
where 
These i n i t i a l  condit ions a l s o  imply t h a t  b b 
-11 -2 and b are respec- 
-3 
t i v e l y  p a r a l l e l  t o  a l ,  - 2 ,  a and a a t  t = 0, s ince  -1 c "2 c " and 
-3 
c i n i t i a l l y  coincide with b b and b 
-3 -1 -2 r e  spec t i v e  ly , -3 ' 
Despite t h e i r  r e l a t i v e  s impl ic i ty ,  Eqs. (3.45) - (3.47) do no t  appear 
t o  admit of an exact  solut ion.  Hence we s h a l l  r e s o r t  t o  a method of 
successive approximations. 
Temporarily confining a t t e n t i o n  t o  i = 1, we have 
and t h e  a s soc i a t ed  i n i t i a l  cond i t i ons  become ( s e e  Eq. (3.48))  
We now i n t e g r a t e  Eqs. (3.50) - (3.52) with = 0  and r e q u i r e  the r e s u l t -  
ing  s o l u t i o n  t o  s a t i s f y  Eqs. (3.53). Af t e r  de f in ing  parameters Po " 
PI and P3 a s  
so t h a t  
we thus  a r r i v e  a t  t h e  f i r s t  approximation, 
pL 4- pL C O S  p  t 
all = 1 3  0 
a12 -P 3  s i n  p 0  t (3,59) 
The phys i ca l  s i g n i f i c a n c e  of t hese  r e s u l t s  i s  t h a t  they  correspond t o  
t h e  torque- f ree  motion of an  a x i a l l y  symmetrical r i g i d  body. 
By s u b s t i t u t i n g  from Eqs. (3.58) - (3.60) i n t o  t h e  right-hand mernbers 
of Eqs .  (3.50)-(3.52),  we next o b t a i n  a se t  of d i f f e r e n t i a l  equat ions 
whose solu t ion ,  again required t o  s a t i s f y  Eqs. (3.53), y i e lds  t h e  second 
approximation, 
1 3  2 
- -  P I t  s i n p  t 2 3 0 
2 
- P2 k t  cos p t 2 3 0 (3,652) 
1 2 2  + P p 2 ( s )  cos p o t  + -  P P k t  s i n p  t (3.63) 
1 3  Po 2 1 3  0 
and, repeating t h i s  process once more, we obta in  a s  the  t h i r d  approxima- 
t i o n  f o r  a ( j  = 1,2,3) 
l j  
A p2 It s i n  p t - p1p3JK) 2 h t  ( l - c o s p  t) 
--PI(;) 0 +(-1)'1+? 3 2 3 p 0 
Po 
2 
cos p t 0 
p2 3 p2 2 4 
- - p2p2  (+) (g) s i n  p t - 2 p4 
0 I t \  cos p t 8 3 ( $ )  (pg, 0 
2 
1 3 Po 2 
- 5 p3 (h)jg) s i n  p o t 

2 2 
1 p2 '0 At 1 p3 P 2  0 4 
1 3 ) )  'OS Pot - 5 3 ( T )  (g) s i n  p 0 t (3,671 
2 
1 - P?(+) jcos p o t  - 
Po 
L 2 
- i P (3 s i n  p o t 
L 
aZ3 Fj -plp3(+) (1 - cos p o t) - p1 s i n  p t C) 
Po 
-P3 1 2 P  (A): + $ PI(+) (1 - 7P2)(?) cos p o t  
3 P 
Po Po 
1 2 A t  2 t + - 2 P 1 (1 - 4p3 )(--) s i n  p t 
0 
Finally, f o r  i = 3, one obta ins  a s  t h e  t h i r d  approximation fo r  
a ( j = 1 , 2 , 3 )  
3 j 
- p;p3(+)($) s i n  p o t - p 3(s) cos p t 
I. Po 0 Po 
1 
c o s p t - - P P  0 2 1 3  
2 2  4 
1 3 0  
- P P 2 ( 2 )  + 5 PlP3(;) ( )  cos  p t 
1 3 Po 0 
2 2 2 3 
s i n  p t ( 3 . 7 ~ )  0 
A 
2 
a , -P P (-) (1 - cos  p o t )  + p1 3 2 1 3  2 
Po 
COs pot - 
2 3 2 
1 p3 Po A t  ( -  Po A t  2 c o s p t  + g l(T)(Pg) COs pot + - 2 p 1 3  p A p0 0 
2 4 
- - 8 1 ~ ~ 2 P 0 2 h t  1 3 ( ~ ) ( p 0 )  s i n p t  
0 (3,711 
2 2 
a ( l - c o s  p o t )  + P 
3 2 2 A t  2 
- - 2 'lP3(<) - P:~(:) 'OS 
1 2  2 A A t  1 2  2 h t  2 + - 2 P 1 (1 - 5p3)(?)(<) s i n  p o t  - 5 ~ ~ ( 1 -  3~ )( ) cos p t 
Po Q Po 
2 
Po A t  
6 1 
- P 1 - ( ) (  s i n  p 
2 
( 3 - 7 2 )  
An approximate descr ip t ion  of t h e  a t t i t u d e  motion o f  C in A 
which i s  equivalent  t o  the  one furnished by Eqs. (3.64) - ( 3 . 7 2 ) ,  b u t  i s  
simpler i n  form, may be obtained by introducing a dex t ra l  set o f  ortho- 
gonal u n i t  vectors,  z1 , -2 , e and e f ixed  i n  reference f r m e  A i n  
-3 " 
such a way t h a t  e  has the  same d i r e c t i o n s  a s  the  i n i t i a l  angular 
-1 
ve loc i ty  of C i n  A, e  = a and e = 
-2 -2 ' el x e2 . Keeping in mind -3 
t h a t  c .  = a .  a t  t = 0, one can then express e  a s  
-1 -1 
-1 
or,  a f t e r  using Eqs. (3.54) - (3.56), a s  
so  t h a t  
and, i n  matrix notat ion,  
Now, Eqs. (3.37) a r e  equivalent  t o  t h e  matrix equation 
Consequently 
and, i f  e i s  defined a s  i j 
t h  
then t h e  matr ix  having e a s  t h e  element i n  t h e  i- r o w  and i j  
t h  j- colwnn i s  given by 
and s u b s t i t u t i o n  from Eqs. (3.64) - (3.721, i n t o  Eq. ( 3 . 80 )  y ie lds  
+ p 3 ( L ) ( 5 )  s i n  p o t  + P P 
1 2 P  1 3(+) s i n  p o t  
Po Po 
L 4 5 3  3  2  ( p 3 +  P1P3- 2P P  + 1 + P 3 ) ( l -  cos p o t )  1 3  63-81] 
2 3  3  
12 P P (s) s i n  p  t - P (ZP + P  + p 3 -  3~ e w - -  2  1 3 p 0  0  1 3 1  
- Pl -i (1 - cos p o t )  -k 3P P  ( A )  Po 1 3 ( + ) ( E  Po 
2  2  
e  - 2p2p (G) + f P : P ~ ( ~ )  (1 - cos p t) 
1 3  Po 0  
- P:(%) s i n  p o t  + P P " s i n  p  t 
PO 1 3 ( ~ ) ( P ~ )  Po 0  
L 
P  s i n p t + P  
e21  " 3 o Z P : P ~ ( ~ )  s i n  p o t 
-1 2  -1 3 
+ L p 2 X  
2  3(  2 )  (E) cos p o t  + f PfP3(+) ( )  cos po t  
Po Po 
- 2  4 ) (E) s i n  p  t - p2 -1. - cos p  t) 0 1 2  ( 0 
Po 
2  
+ $ P:P~(+) s i n  p  t - .I P ~ P  cos p  t 
Po 0  P O  Po 0  
- 2 1 2 ~  p2(L)(") s i n  p o t 
Po 
e P s i n p t + P p  2 3 1 0 13(:) 0 2 1  s i n  p t + 1: P (1 - 4p2 )(s Po 
1 2 
- - c o s  p t - - P (1- 4P3)(-+) 0 6 1  
Po 
-2 4 
+ & p p 2 h  8 1 3 ( 2 )  (2) 
0 p1p3 (+) ( 1 - c o s  p t) 0 
Po Po 
2 
- 2 p3 1 s i n  p t + 3p 
2 2) ( ~ f  s i n  p t - P 3 1  0 1 2  
Po 
1 2 Po 
Po O (-)(Po 
1 + - P (1 - 7 ~ 3 ( + ) ( 2 )  cos  p o t  2 1 
Po 
2 
e31  -P cos  p t - P 3 0 2(Xt) cos  pot + 2P P ( )  COS p t Po 1 3 Po 0 
A 2( A ) sin pot - 5 P : P ~ ( ~ ) ( ~ ~ )  sin pot + P1 
Po Po 
4 
- h p 2  8 3 ( 7 i 2 ( $ )  1 s i n  p 0 t + 2 2 1 2 p  p2(-?-)(:) cos p 0 t 
Po Po 
L 3 2 3 + pi(%) (- I + P ~ + P  1 3  P - 3 ~  1 3P ) s i n  p 0 t 
Po 
1 
1 e33 P cos po t  - p1p3(E) cos p o t  - 3 p1(1 - 4~ 
-1 2 1 2 
- - 
0 6 1  P P ( )  ( )  s i n  p t - -  P (1-4p3)(-$ 2 1 3  2 
Po Po 
1 + - 2 P 1 (1 - ~P:)(L)(E) s i n  p o t  
PE "0 
I f  p30 = 0' SO t h a t  P = 1 and P3 = 0, then e i s  equa l  t o  1 i j 
a i ,  j = 1, 2 3) because e i s  then equal t o  fii (i = 5 , 2 , 3 ) .  i j -i 
Eqs. (3.81) - (3.89) have been wr i t t en  i n  such a way that t i s  
always mul t ip l ied  by and divided by po when it appears outside o f  
t h e  argument of a t r igonometric  function, and 1 i s  divided by pi when 
it i s  not  mul t ip l ied  by t. This representa t ion  of e i j ( i8 j = I t  2 #  31 
permits one t o  ca r ry  out  a systematic s impl i f i ca t ion  of  the  eqmt ions  
and thus  t o  a r r i v e  a t  approximate r e s u l t s  which, a s  w i l l  be seen i n  the 
sequel, can furnish  an e n t i r e l y  s a t i s f a c t o r y  descr ip t ion  o f  the motion 
under considerat ion.  Speci f ica l ly ,  dropping from Eqs. 13.81) - (3,891 
2 n 
a l l  terms involving (X/pO) with n Z 1 and a l l  terms involving 
(h t /po )m with m 2 3, and def in ing kl, ..., kg a s  
one a r r i v e s  a t  
L 
- - ~ P P  (1 - cos p t) 51 = kl 2 1 3 ( ~ )  0 
1 2 
e , - ? p1p3(E) s i n  p o t 
e , k3 + p2p 13 2 1 3 p 0  (y (1 - cos p 0 t) 
e k3 s i n  p t + k4 cos p o t  21 0 
e22  % - k s i n  p t + k cos  p t 5 0 6 0 
e23 , - k s i n  p t - k cos p o t  1 0 2 
e31 w - k cos pot  + k4 s i n  p t 3 0 
e , k cos p o t  + kg s i n  p t 32 5 0 
L 
Finally,  i f  one replaces  i n  Eqs. (3.90)-(3,104) 
h t with sin(-) and 2 , respectively,  one obta ins  
Po 
and 
e21 " k3 sin p t + k cos p t 0 4 0 
I 1. 
e 22 a -  k sin p t + kg cos pot 5 0 
e23 m - k s i n  p t - k cos p t 1 0 2 0 
n 
= J k  + cos p o t + tan-' (-<)I 
e31 % - k cos p o t  + k4 s i n  p t 3 0 
= Jk: + k s i n  p t + t a n  4 l o  
e , k cos p t + k6 s i n  p t 3 2 5 0 0 
2 
= ,/ki + s i n  p t + tan-' (:)I I 0  
e , k cos  p t - k2 s i n  p t 3 3 1 0 0 
Considering the  process by means of  which these  equations were 
obtained, one may expect t h a t  they w i l l  y i e l d  ever b e t t e r  r e s u l t s  as 
up2 and Xt/po become smaller  and smaller. 0 
For purposes of numerical work a form of the  above equations involv- 
ing only dimensionless q u a n t i t i e s  i s  convenient and may be obtained by 
introducing x and z a s  
I n  terms of these  quan t i t i e s ,  ~ q s .  (3.105)- (3,119) can be rewr i t t en  
a s  
2 kl % p1 - P P s i n  zx - P ( 1 - 4 P 3 )  ( 1 - c o s  zx) 1 3  1 (3,122) 
-1 k2 % P1P3 z (1 - cos zx) (3,123) 
2 2 k3 P + P s i n  zx - 4P P (1- cos zx) 3 1 1 3  (3.1.24) 
-1 kg P3 z (1 - cos zx) 
kg " 1 
- P P (1 - cos zx) (1 - cos  x) 
- k1 1 3 
eI2 - P P (1 - cos zx) s i n  x 1 3  
+ pLp (1 - cos zx) (1- cos x) 
e13"k3 1 3  
k s i n  x + k cos x 
e 2 1  % 3 4 
e22 " - k s i n  x + k cos x 5 6 
e23 - k s i n  x - k2 cos x 1 
2 I -1 "1 k + k cos x + t a n  (- j--)] 1 2  
e31 w - k cos x + k s i n  x 3 4 
e M k cos x + kg s i n  x 3 2 5 
= J-sinrx + t a n  -1 (31 
e k cos x - k s i n  x 33 1 2 
=Jk; + k2 s i n  I x + t a n  -1 
and r e s u l t s  may be expected t o  improve a s  z and x become smaller, 
. 
Before leaving Eqs. (3.128) - (3.136), it should be mentioned t ha t  
a l t e r n a t i v e  and, it t u r n s  out,  more accurate approximations t o  e have i -j 
been developed by Professor J. V. Breakwell f o r  the  s p e c i a l  case 
'30 = 0. A de ta i l ed  desc r ip t ion  of t h i s  work appears i n  Appendix B. 
Now t h a t  approximate expressions f o r  t h e  elements of t h e  matri2r 
N 
e a r e  a t  hand, approximate values of t h r e e  o r i e n t a t i o n  angles, say 
e,, e 2 ,  and 0 3 ,  describing the  o r i e n t a t i o n  of t h e  u n i t  vectors  
c c and c3 r e l a t i v e  t o  e e 
-1' -2 -1' -2 ' and e can be found by 
-3 
employing the  procedure described i n  Section 2.2; t h a t  is, replac ing 
Y i  and Yi j  i n  Eqs. (2.20)- (2.22) with ei and e i j  " respect ive ly ,  
one obta ins  
e 
s i n  6 = 13 1 
- e 
cos 8 = 2 3 1 
- 1 
s i n  9 = 2 (e13e31 + e23e32e33) 
e 
cos e 2  = e 33 
e 
s i n  Q3 = 3 1 
and these  equations can be solved f o r  e l ,  g2 , and e3 . Next, to 
determine t h e  motion of  the  body-fixed u n i t  vectors  b b 
-1' -2 ' and b 
-- 3 
r e l a t i v e  t o  el, -2 e , and e it is only necessary t o  observe t h a t  
-3 ' 
~ q s .  (3.20), (3.120), and (3.121) permit one t o  express 8, t h e  angle 
between b and c a s  
-1 -1 " 
and t h a t  th ree  o r i e n t a t i o n  angles, say v l ,  v 2 ,  and v3 ,  a.nrz1og.o~~ 
t o  e l ,  e 2 ,  and Q 3 ,  b u t  governing t h e  a t t i t u d e  of -1 b "2 b @ and 
2 3  r e l a t i v e  t o  e e -1 "2 " and e3,  a r e  given by 
The parameters p1 and P3, introduced i n  ~ q s .  (3.55) and (3,561 
f o r  purposes of a n a l y t i c a l  convenience, can be expressed i n  a plrrysically 
more meaningful form a f t e r  introducing Fdl and Q3 a s  
from which it follows t h a t  
Referr ing t o  Eqs. (3.261, (3.28), (3.54)-(3.561, (3,1441, and (3-1451, 
one then obta ins  
I n  addit ion,  defining w o  a s  
one can express Po a s  (see  EqS, (3.26), (3.281, (3.54), (3.1841, and 
and t h i s  r e l a t ionsh ip  w i l l  be found use fu l  i n  the  sequel. 
~ e t u r n i n g  now t o  Eqs, (3.147) and (3.148), it i s  evident  that, i f  
e i t h e r  R l  = 1 (so  t h a t  R3 = 0) o r  Rl = 0 ( so  t h a t  R 3  = 1), P1 
and P3 a r e  equal t o  R1 and R 3 ,  respect ive ly ,  r ega rd less  of the 
value of L.  his means t h a t  t h e  i n i t i a l  angular v e l o c i t y  of C i s  
equal t o  t h a t  of B i f  B i n i t i a l l y  has a pure tumbling o r  pure spin- 
ning motion. 
I n  summary, given t h e  dimensionless parameters n l ,  R3 , L , z , 
and x ,  one may proceed a s  follows t o  evaluate  (P 1 Y)2 d-3 
(1) Compute 1 and p3 from Eqs. (3.147) and (3.1481, 
(2)  use ~ q s .  (3,122)- (3.127) t o  evaluate kl, ..., k6. 
(3) r i n d  e i ,  j = 2 3) from Eqs. (3.128) - (3.136). 
(4) Evaluate 0 1' 0 2 8  and e3 by reference t o  Eqs. (3,137)- 
(3.139). 
(5)  Find 0 fromEq. (3.140). 
(6) Determine (PI I (Pa and ( P ~  by using Eqs. (3.141)-E3,%43), 
3.3 Comparison of Solut ions  
A measure of t h e  u t i l i t y  of  t h e  procedure described i n  t h e  preceding 
sec t ion  may be obtained by comparing values of e l #  e 2 ,  and Q 3  found 
by means of t h i s  procedure with values r e s u l t i n g  from a numerical inte- 
gra t ion  of ~ q s .  (3.45)- (3,47), subsequent evaluat ion of e ( i ,  j = 1,2,3) i j 
by reference t o  Eq. (3.80), and determination of e l ,  e 2 ,  and O3 by 
invers ion  of Eqs, (3.137) - (3.139). Figures 4-8 each show 0 2 t  
and e3 a s  functions of x, t h e  values corresponding t o  t h e  digital 
computer so lu t ion  of t h e  exact  equations being represented by solid 
curves, whereas t h e  approximate so lu t ion  i s  represented by crosses;  and 
each f igure  app l i e s  t o  a d i f f e r e n t  combination of  values of R E B .  
L, and z. 
The accuracy of the  approximate so lu t ions  i s  seen t o  be relatively 
i n s e n s i t i v e  t o  the  numerical values of hZ R3 , (see  Figures 4, 6 ,  
and 7) and L (see  Figures 6 and 7 ) ,  bu t  t o  decrease noticeably both 
when z increases  (compare Figure 4 with Figure 5 o r  Figure 6 w i t h  
Figure 8) and when x increases  (see  Figures 4-8). We note fo r  fu tme 
reference t h a t  f o r  z = 0.01 ( see  Figures 4, 6, and 7) t h e  exact  and 
t h e  approximate value of ei (i = 1,2,3)  a r e  near ly  ind i s t ingu i sh&le  
from each o ther  so  long a s  x remains smaller  than 15.00, and that 
s imi la r ly  good agreement obta ins  f o r  z = 0.05 and z = 0.10 (see  
Figures 5 and 8)  f o r  x < 2.5 . 
While t h e  approximate so lu t ion  can furnish  considerable quantitative 
information, it does no t  l ead  d i r e c t l y  t o  a c l e a r  q u a l i t a t i v e  descr ip t ion  
of the motion under consideration. This aspect  of t h e  subjec t  can be 
discussed most e f f e c t i v e l y  i n  terms of t h e  behavior of t h e  u n i t  vector 
c which, it w i l l  be reca l led ,  i s  p a r a l l e l  t o  t h e  symmetry a x i s  of 
-3 ' 
B, For example, one can p l o t  t h e  t r a j e c t o r y  of t h e  t i p  of c as has 
-3 " 
Exact So lu t ion  
- 5 0  
X Approximate Satlutiesn 
-100 
0 2.5 5.0 7.5 10.0 12.5 15.0 1L 5 20,O 
X 
Figure 4. Comparison of Solut ions f o r  Orientat ion Angles 
q = 1.0, n, = 0, z = 0.01 
Exact Solut ion 
Y x 8 Approximate Solution 
Figure 5. Comparison of Solut ions f o r  Or ienta t ion  Ang.1.e~ 
Exact Solution 
X X X Approximate Solution 
0 2.5 5.0 7.5 PO. 0 12.5 15.0 17.5 20-0 
X 
Figure 6. Comparison of Solutions for Orientation Angles 
R1 = 0.70711, Q3 = 0.70711, z = 0.01, L - 9,0 
Figure 7. Comparison of Solutions for Orientation 'Angles 
Q1 = 0.70711, O3 = 0.70711, z = 0.01, L = 1*0 
- Exact S o l u t i o n  
X 8 X Approximate Solution 
Figure 8. Comparison of Solut ions f o r  Or ienta t ion  Angles 
0 = 0.70711, n3 = 0.70711, z = 0.05, L = 9.0 1 
been done i n  Figures 9-11 f o r  t h e  parameter values used previously t o  
generate ~ i g u r e s  4, 5, and 7. These p l o t s  show t h a t  the  symmetry m:is 
of B performs a "coning" motion, around t h e  i n i t i a l  angular ve loc i ty  
A C 
vector,  - w (0) , approaching t h i s  vector  a s  t approaches i n f i n i t y ,  
Exact S o l u t i o n  
Figure 9. Trajectory of the Symmetry Axis 
R1 = 1.0, n3 = 0 ,  z = 0.01 
Exact  Solu t ion  
F igure  10. T r a j e c t o r y  of  t h e  Symmetry Axis 
ill= 1.0, n3 = 0, z = 0.1 
Exact Solution 
Figure 11. Trajectory of the Symmetry Axis 
4. POSITION 
4 .1  Dynamical Equations 
To study the  t r a n s l a t i o n a l  motion of B ,  t h a t  is, the  motion of 
t h e  mass c e n t e r  B* of B, we r e c a l l  t h e  d e f i n i t i o n s  of m X ,  and 
- 
F (see Chapter 2) and, a f t e r  def in ing 
- 'i a s  
xi $ 5 * ei (i = 1,2,3) (4 -  1) 
express Newton's second Law of Motion i n  t h e  form 
From Eqs. (2.2) and (2.4), 
= (Fl cos - F2 s i n  0)  c + (F s i n  0 + F2 cos 8) c 
(3.21) -1 1 ---2 
= [ e  (F cos 0 - F2 s i n  0) + e (F s i n  B +  F2 cos 8) ]el 
(3.79) 11 1 12 1 
+ [e21 ( F ~  cos e - F, s i n  0) + e (F s i n  0 + F2 cos 0) I e2 22 1 
(F cos 0 - F s i n  0) + e (F s i n  0 + F2 cos  0) leg 
* Le31 1 2 32 1 
(4 -  3 )  
Subs t i tu t ion  from Eq. (4.3) i n t o  Eq. (4.2) thus  1eads t o  
Where f l  and f2 a r e  defined a s  
~ q u a t i o n s  (4.4) - (4.6) a r e  seen t o  be coupled t o  the  r o t a t i o n a l  
motion of B by t h e  q u a n t i t i e s  0 and e i J = 2 3 ; a.nd, i f  the  
expressions f o r  0 and e (i, j = 2 3)  given i n  Eqs. ( 3 . 2 0 )  a d  i j 
(3.111) - (3.119) a r e  subs t i tu ted  i n t o  Eqs. (4.4) - (4.61, t h e  following 
approximate expressions f o r  xi (i = 1,2,3)  a r e  obtained: 
. . 2 
XI , f P 1 ( 4 ~ ;  - PJ) cos ( S t  + 2Slt) 1 1  
P 2  2  2  + 2 [ c o s  ( S t  + 2Sst)  - c o s  (It + 2Ggt) - cos(St + 4 
2  2 + s i n  ( g t  + 2B9t) - s i n  ( S t  + 26,t) 1 )  
-1 2 2  
+ flp:(+) { i [ c o s ( g t  + 2B4t) + c o s  ( S t  + 2S5t1 1 
Po 
2  2 2 
- I [ c o s  ( g t  + 2G6t) + c o s  ( S t  + 2S7t)  + c o s  (5 t  + 2€j8t) 4 
2 1 2  2  + c o s  ( S t  + 2B9t) ] ]  - f 2  lT(p3 - 4P1P3) [ c o s ( h t  + 2 s 4 t )  
2  : 2 2 
- c o s  ( b t  + Z5t) ] + T [ s i n  ( 5 t  + 26 t )  - s i n ( 5 t  t 26 t) 7 6 
2 2  2  2 
- s i n ( 5 t  + 26 t) + s i n ( 5 t  + 26 t) ] + P P [ c o s  (st + 268t)  9  8 1 3  
-1 2 2 
- f 2~:(-$) {$[sin ({t + 264 t )  + s i n  ( 5 t  + 26 t) ] 5 
Po 
1 2 2 2  
- - [ s i n ( ~ t  + 2Sg t )  + s i n  ( h t  + 2B8t) + s i n ( g t  1 26?t) 4 
3 -1 2 2 
+ T- (+) [cos (st + 288t) - cos (st + 28gt) 
Po 
2 2 2 2 
- sin (st + 2 B 6 t )  ] - P ~ P ~ [ ~ O S  (st -+ 2S6t) + cos (st -+ 2 B 7 t 1  
2  P3 2  2  
- s i n  ( g t  + 2fj8t) ] - f j T ( - l  + 4Pl) [ s i n  ({t + 2€j4,t) 
2  
2  1 2  2 + s i n ( 5 t  + 2S5t)  ] - $cos ( g t  + 2?j6t) + c o s  ( S t  + 2s7t) 
2  2  2  2 
- c o s  ( S t  + 26 t) - c o s ( 5 t  + 2 8 9 t )  ] - P  P  [ s i n ( g t  + 26 t) 8 1 3  9 
2  2  2  + s i n ( 5 t  + 2S8t)  + s i n ( 5 t  + 2S7t)  + s i n  ( S t  + 266t1 
-1 2  2  
- f2~:(-$) [ ~ [ C O S  (lt + 2fj4t) - c o s  ( S t  + 2F5t)  1 
Po 
P  
3 h  
-1 2  
- cos ( 5 t 2  + 2S7t)  ] + f [ s i n  ( S t  + 2 6 4 t )  
Po 
2 2 + cos ( g t  + 2S8t) + cos (It + 2F9t3 11 
where 5 and Bi (i = 1,...,9) are  constants defined as foliaws: 
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Subst i tu t ion from ~ q s .  (4.22) - (4.34), (3.120), and (3.121) into Eqs ,  
(4,9) - (4.11) gives 
1 2 2 2 
o; w (p3 - 4PIP3) [sin ( ~ x  + 2D5x) - sin (gx + 2 ~ ~ x 1  ] 
P : 2 2 2 
+ T[cos (e + 2B8x) - cos ( p  + 2p9x) - cos (Gx + 2B61() 
2 2 + sin (gx + 213~~) - sin( gx + 213,~) ] 1 
2 2 + 91~: Z-'\+[COS (gx + 2g4x) + cos (P C 2p5x) ] 
2 2 2 
- I[cos (CX + 2g x) + cos (CX + 2g7x) + cos (P + 2Pgx) 4 6 
2 1 2 2 + cos (CX + 2pgx) I] - s ~ ( ~ ( P ~  - 4P1P3) [COS (Q + 2 0 ~ ~ 1  
2 
2 P1 2 2 
- cos (gx + 2g5x) ] + -[sin(gx 4 + 213 7 x) - sin(gx + 2p6x) 
2 2 2 
- sin(cx + 2pgx) + sin ( p2 + 2g8x) ] + p 1 3  p [cos ( cx + 2g8x)  
P3 - 2 2 
- - z '[cos (gx + 2g4x) - cos ( @  + 2g5x) 1 2 
2 1 2 2 
- cos (gx + 28,~) ] 1 + 3 {-[COS (p + 204x) + CoS (cx + 2p5x) 1 2 2 
2 2 2 2 
- s i n  ( p + 2p6x) ] - PIP3 [cos ( gx + 2p6x) + cos (cx + 2P7x) 
2 2 2 2 
- cos(6x + 2p8x) - cos ( @  + 2Pgx) ] - P P [ s i n ( @  + 2p9:~)  1 3  
2 2 2 + s i n (  gx + 2p8x) + s i n  (p + 2D7x) + sin(gx + 2P6x) ] \ 
2 -1 1 2 2 
- S2P3 " {?[COS ( ~ x  + 2B x) - cos (P + 2B5) ] 4 
1 2 2 2 
- -[COS (gx + 2p8x) - cos (P + 2p x) + cos (cx + 2B6x) 4 9 
2 P3 - 2 
- cos (gx + 2p7x) 1) + s1 {T z '[sin ( gx + 2p x) 4 
2 2 2 + s i n ( p  + 2 p 5 x ) ]  + +[cos (p  + 2 p  4 x) - c o s ( p  + 2 p 5 x ) j  
P3 -1 2 2 2 
- - z [ s i n (  gr + 2Bgx) + s i n ( 6 x  + 2p8x) + sin(Cx i l p 7 x )  4 
2 P3 -1 2 
+ s i n  (gx + 2p6x)])  + P ~ [ ~  z [cos (GX + 2 ~ ~ x 1  
where primes denote d i f f e r e n t i a t i o n  with respect  t o  x . 
The following condit ions must be s a t i s f i e d  by Di (i = 1 , 2 , 3 )  
and 
The reason f o r  taking ~ ~ ( 0 )  (i = 1,2,3) equal  t o  zero i s  t h a t  no 
l o s s  of genera l i ty  r e s u l t s  from regarding B* as i n i t i a l l y  coincident  
with po in t  0 , (see  Figure 1) , s ince  the  choice of point  0 i s  
a rb i t r a ry .  
The so lu t ion  of Eqs. (4.35)-(4.37) can be expressed i n  terms a% 
c e r t a i n  functions r e l a t e d  t o  Fresnel  in teg ra l s .  The functions t o  be 
employed a r e  defined a s  follows: 
W A 1 COS U du 
0 
W 
A 1 s i n  u du 
2 
c (a, b, x) fi [& (ax + b)] (cos($-)C2[~(ax + b)  2 
2 
c1 (a, b, X) a [cos(+)c2($(ax + b) 2 
continued 
C* (a ,b ,x )  a J X  J V  c o s  (au 2 + 2bu) dudv 
0 0 
S*(a ,b ,x)  vx J v  s i n  (au  2 + 2bu) dudv 
0 0 
- S (a ,b ,  x) - Sl (a,  b, 0 )  x - s (a ,  b, 0 )  
(4.43,4.45) 
Two success ive  i n t e g r a t i o n s  of Eqs. (4.35)- (4.37) and use s f  E q s ,  
(4.38) and (4.39) now l e a d  t o  the fol lowing express ion  for  
Dl d D2 I 
and D~ : 



Eqs. (4.48) - (4.50) a r e  v a l i d  only f o r  5 > 0 . To deal with 
- 5 < 0 , parameters 6 and Bi (i = 1, . . . ,9) a r e  introduced as 
- 
5 & - 6  
and 
- 
B .  3 b -  Pi !i = 1,...,9) 
which permits one t o  rewri te  Eqs. (4.35)- (4.37) a s  follows: 
2 - 2 P3 35p1[ (4P3 - P3)cos(6x + 2Zlx) + T[s in (&2 + 2F2x) 
2 2 2 
- s i n (  i x  + 2P3x) - cos (@ + ~ 3 ~ x 1  - cos ( t x  + 2Egx) ]  
P3 2 
- -[cos ( cx2 + 2iD3x) - cos (Ex + CZ x) - s i n ( t x 2  + 2; x) 2 2 a 
D " 2 2 - 2 a s ~ { ~ ( P ~  - 4p1p3) [ - s in  ( t x  + 2B5x) + s i n  (gx + 2Z4x1 ] 
(4,361 
- 2 + s i n  ( i x 2  + 2igx) - s i n  ( p + 2igx) ] j 
1 2 - 2 + cos ( t x 2  + 2i9x) ] \ - 92 [?(p3 - 4P1P3) [cos (gx + 2i4x) 
2 
- 2  - 1 - 2 - 2 
- c o s ( p  + 2D5x)] - - [s in(gx +2; X) - s i n ( p  + 2; X )  4 7 6 
- 2 - 2 2 
- s i n (  p + 2p9x) + s i n  ( gx + 2E8x) ] + pLp3[cos ( t x Z  + 2Z8x) 
- 2 - 2 - 2 
- cos (gx + 2E9x) + cos (gx + 2F6x) - cos ( p + 2E7x) 1 / 
2 -1 1 - 2 
- 9 P  2 3 z {- - [ s in (gx  2 +2F4x) + ~ i n ( @ ~ + 2 ~ ~ x ) ]  
1 - 2 - 2 
- -[sin 4 ( p + 2ijgx) + s i n  (gx + 2D8x) + s i n  ( zx2 + ~ ' i ~ x )  
- 2 1 + s i n ( g x  +2Z6x)] \  + 9 1 2  [ - - [ s i n ( ~ x 2 + 2 ~  4 x) + ~ i n ( ~ x ~ i . 2 ~  5 x ) ]  
+ Cos (tx2 + 2 a 6 ~ )  - cos ( gx2 + 2 ~ ~ ~ )  1 J 
1 - 2 + s2 ji[c0s ( i x 2  + 2; x) + cos  ( C X  + 2; x) ] 4 5 
P3 -1 + -  2 z [sin(?x2 + 2; 5 X )  - s i n  ( i x 2  + 2z4x) ] 
P3 - 
- -  
2 
4 z l[sin(;x + 2; 7 x) - s i n ( t x 2  + 2 i  6 x) + s i n ( g x z +  2 s  9 x) 
- s i n  ( i x 2  + 2i8x) 1 J 
P 2 + 4 [ s i n ( b 2  + 2Fgx) + s i n ( t x  + 28 8 x)  - s i n  ( t x 2  + 25 x) 
a 
- 2 2 2 
- s i n (  gx + 2F6x) I - p1p3[cos (b2 + + cos ( t x  -+ 2E7x) 
+ cos ( jx2  + 2B8x) + cos (jx2 + z a ~  1 1 
2 -1 1 + 3 1 3  P z ( -  -$sin ($2 + 2; x) - s i n  (@2 + 2z4x)] 5 
- 2 
+ l [ s i n  4 (gx + 2; x) - s in(bx2 + 2i6x) + s i n  (2x2 + 25 r) 7 9 
- 68 - 
2 
- 2 P1 
+ s i n  ( p + 2ii5x) 1 - -[COS 4 (7x2 + 27i6x) + cos (b2 -I- 2i7x) 
- 2 - 2 2 
- cos  (gx + 2a8x) - cos ( + 2ii9x) 1 + p1p3[sin ( zx2  + 2Z9x1 
- 2 + s i n  ( t x 2  + 2p 8 x) + s i n  ( Q + 2E7x) + s i n  ( t x 2  + 2T6x) ] \ 
2 -1 1 - 2 - 2 
- S2P3 Z {?[COS ( ~ x  + 2E4x) - cos (Gx + 2E5x) 1 
- 2 
- +cos 4 (2x2 + 2igx) - cos (?X2 + 2ii9x) + C O S  (gx + 20gx) 
- 2 P3 -1 - 2 
- cos(gx + 2 i 7 x ) ] ]  + s~{- i. z [ s in (gx  + 2i4x) 
- 2 1 - 2 - 2 + s i n (  p + 2B5x) 1 + ;[cos ( p + 2g4x) - cos (gx + zSSx) 
P3 -1 + -  4 z [ s i n  ( t x 2  + 2; 9 x) + s i n  ( i x 2  + 2 i  8 x)  + s i n  ( i x2  + 2; 7 x) 
2 P3 - + s i n  ( j x  + ~ 8 ~ x 1  J j + %2 z '[cos ( t x 2  + 2g4x) 
+ cos ( t x 2  + 2Z9) ] - +[s in  ( t x 2  + 2g5x) - s i n  ( t x 2  + Z ~ ~ X )  ] 
P3 - 
- - 4 z '[cos ( i x 2  + 2E6x) + cos ( t x 2  + 2F7x) + cos(@' i 26 8 X) 
+ cos ( t X 2  + 2i9x) ] I Z # O  (4  , 55) 
Using the  func t ions  def ined  i n  Eqs. (4.40) - (4.471, one can express 
the s o l u t i o n  t o  Eqs. (4.53) - (4.55) s a t i s f y i n g  Eqs. (4.38) - (4,3'9) as 


Finally, for 6 = 0 ,  which is the case when the inertia ellipsoid. 
of B for B* is a sphere (see Eqs. (4.25) and (3.11) ) ,  Eqs. (4.351- 
(4.37) reduce to 
/ I  2 P3 Dl , T ~ P ~  (4p3 - P3 -?[sin(213~x) - sin(2p3x) + cos ( 2 ~ ~ x 1  
+ sin (2p7x) + sin(2p x) ] + P3sin (2p5x) 9 
2 + i(1- 2 4P3 + P3) [sin(2p2x) + sin (2p3x) ] 1 (8,591 
4- cos (2p7x) + cos  (2g8x) + cos ( 2Pgx) I j 
P3 - + sin(2g5x) ] - - 2 z '[cos ( 2 ~ ~ x 1  - cos (2p5x) 1 
1 P3 - + 5 /-[cos ( 2 0 ~ x 1  + cos (2g5x) 1 - z l [ s i n ( 2 8  2 2 5 
- s i n  ( 2 0 ~ x 1   j z # O  (4,609 
2 
p3 2 1 
D;' , 3 ( ( -  1 + 4P1) [co:i(2p4x) + cos (28 x) ] - -[sin(2p9x) 1 2  5 4 
P3 2 pL 
- p2 IT (- 1 + 4P1) [sin(~@~x) + sin(2p5x) ] - +[cos(2b6x) 
2 + cos(2p7x) - cos (2P8x) - cos (2p9x) ] - P P [sin(2pgx) 1 3  
+ sin(2p x )  + sin(2p x) + sin(2p6x)]] 8 7 
2 -1 1 
- 3 P  z 1 2 3 iT[cos ( 2 ~ ~ x 1  - cos(2P5x) 1 - a[co~ (2pgx) 
- cos (2pgx) + C O S ( ~ ~ ~ X )  - COS(~B~X) ] I  
P3 -1 1 + z [sin(204x) + sin(2p5x) ] + :[cos(2p x) 4 
P3 -1 
- cos (2O5x) ] - - 4 z [~in(2@~x) + sin(2p8x) + sin(2g x) a 
P3 - + sin(2p6x) 11 + F~ {-T z '[cos ( 2 ~ ~ x )  + cos (2p5x) I 
+ c o s ( 2 ~ * x )  + cos (2B9x) 1) 
The s o l u t i o n  t o  Eqs. (4.59) -(4.61) t h a t  s a t i s f i e s  t h e  initial conn 
d i t i o n s  i n  Eqs. (4.38) and (4.39) i s  


where t h e  func t ions  C*(Pi ,  x) and S* ( P i ,  x) a r e  def ined  as 
c * ( P i ,  X) ? sX sv cos  (2p.  u) dudv 
1 
0 0 
and 
s i n  (28. 1u) dudv 
0 0 
I n  summary, g iven  t h e  dimensionless  parameters R 1 A 3 d % s  z t  
x , F1 P 2 ,  and v (i = 1 ,2 ,3 ) ,  one may proceed a s  foLlows t o  i 0  
eva lua t e  D ~ ,  D ~ ,  and D3 : 
( 1) Determine P1 and P3 by r e f e r ence  t o  ~ q s .  (3.147) - (3,148) 
(2)  Use ~ q s .  (4.25)- (4.34) t o  e v a l u a t e  6 and 13. I (i = 1,, , ,, 9) - 
( 3 )  If 6 > 0 ,  e v a l u a t e  D~ , D2 , and D~ by r e f e r ence  t o  
Eqs, (4.48) - (4.50) t oge the r  w i th  t h e  d e f i n i t i o n s  i n  Eqs. (4,461 and (4 -  47) 
(4)  If 6 < 0 , form 6 and Zi (i = 1, . . 9 by using Eqs. 
(4.51) and (4.52),  t hen  f i n d  D l ,  D 2 ,  and D3 from Eqs. (4.56)-(4.58). 
using t h e  d e f i n i t i o n s  i n  Eqs. (4.46) and (4.47). 
( 5 )  I f  6 = 0 , determine Dl I D2 , and D by using Ecp ,  (4.62)- 3 
(4.64) t oge the r  wi th  t h e  d e f i n i t i o n s  i n  Eqs. (4.65) and (4.66) 
4 - 3  Com~ari son of Solut ions  
Once again we t u r n  t o  t h e  computer t o  obta in  a measure of the  
accuracy of the solu t ion  j u s t  obtained. I n  choosing parameter values 
f o r  t h i s  purpose it i s  well  t o  keep i n  mind t h a t  t h e  approximaice solution 
was generated by using approximate expressions f o r  e i j  (i, j = 1, 2.31, 
which suggests t h a t  the  magnitudes of z and x bea r  d i r e c t l y  or? 
accuracy of Dl, D2 and Dg ; t h a t  is, one must expect t h e  discre- 
pancies between t h e  approximate and the  exact  s o l u t i o n  t o  grow as z 
and x increase.  
Figures 12-21 each show D1 8 D 2 ,  and D3 p l o t t e d  a s  a func t ion  
of x. Numerical so lu t ions  of t h e  exact  equations of motion are repre- 
sented by s o l i d  curves, while values obtained by using t h e  a p p r o x h a t e  
so lu t ion  a r e  represented by crosses. I n  a l l  cases,  B* i s  presumed 
t o  be a t  r e s t  i n i t i a l l y .  The parameter values used t o  generate each 
p l o t  a r e  tabula ted  below. 
Table 1 
Figure 
10 
Exact Solution 
x K X Approximate Solut ion 
Figure 12, Comparison of Solut ions  f o r  Pos i t ion  Coordinates of 
Mass Center. nl= 1 .0 ,  n3 = 0 ,  z = 0.01, e, ;. 9,0 
0 .2 ,  9.y 0.2, Vio 0 (1 = 1,2,3) 
Exact Solutitnn 
Figure 13. Comparison of Solutions f o r  Pos i t ion  Coor&bs%tes sf 
Mass Center. 4 = 1 . 0 ,  Q 3 = 0 ,  z = 0.10, L = 9.0. 
S1= 0.2, F2= 0.2, vio=O (i = 1,2,3) 
Exact so lu t ion  
X X X Approximate Solut ion 
Figure 14. Comparison of Solut ions f o r  Pos i t ion  Coordinates of 
Mass Center. 4 = 0.70711, Q3 = 0.70711, z = 0.01 . 
L =  9.0, 0.2, g2=0.2, v = O  ( i =  l , 2 , 3 )  %e, 
Figu re  15. Comparison of S o l u t i o n s  for  P o s i t i o n  Coord ina tes  o f  
Mass Center. Q1 = 0.70711, G3 = 0.70711, 2; = 0,01, 
L =  9.0 ,  S1= 0.4,  b ,=0 .4 ,  V = 0 (i = 1,2,3) 10 
Exact Solut ion 
O< x x Approximate Solut ion 
Figure 16. Comparison of Solut ions f o r  Pos i t ion  Coordinates of 
Mass center .  n l=  0.70711, n = 0.70711, a;= 0 ~ 0 1 ,  3 
L = l . 0 ,  gl=0*2, 32=o.2, 
'i o = o (r = 1 , 2 , 3 )  
Figure  17. Comparison of  So lu t ions  f o r  P o s i t i o n  C o o r d i ~ ~ a t e s  of
Mass Center. (I1= 0.70711, n3 = 0.70711, z = 0,GS 
L-?.%, .irlm0.2, 5 2 = 0 . 2 ,  v i0=0 (i = 1.2,3) 
Exact Solution 
% 8 Approximate Solution 
Figure 18. C~n'Iparison of Solutions for Position Coordinates of' 
Mass Center. RI=O, R3=1.0, z=0.01, ~ = ; 9 , 0 ,  
SI=0.2, F2=0.2, Via= 0 (i = 1,2,3) 

Figure  20, Comparison of So lu t ions  f o r  P o s i t i o n  Coordinates  o f  
Mass Center. n1 = 0.70711, !a3= 0,70711, z = o , o e ,  
La-0 .25 ,  9 1 ~ 0 . 2 ,  b 2 = O w 2 ,  ViO= 0 (i = %,a, 3)  
35 Exact S o l u t i o n  
R, M CC m . .  3 '  - . . .  
Figure 21. comparison of Solutions for Position Coordinates o f  
Mass Center. ill = 1 , 0  , i13 = 0  , z = 0.01 , L, = -0,25 , 
3 3 ~ 0 . 2 ,  s 2 = 0 . 2 ,  1 ViO= 0  (i = l , 2 , 3 )  
Cursory examination of Figures 12-21 leads  t o  t h e  immediate conelu- 
s ion  t h a t  the  approximate so lu t ion  fu rn i shes  q u a l i t a t i v e l y  c o r r e c t  
r e s u l t s  i n  a l l  cases and t h a t ,  a s  expected, d iscrepancies  increase  as 
x increases. The e f f e c t  of increasing z can be assessed by comparing 
Figure 12 with Figure 13 and Figure 14 with Figure 17. I n  both cases, 
an increase  i n  z i s  seen t o  a f f e c t  accuracy adversely. A s  f o r  the  
e f f e c t  of o the r  parameters on accuracy, t h i s  appears t o  be neg l ig ib le ;  
t h a t  is, f o r  a  given value of z ,  t h e  accuracy of t h e  approximate solu- 
t i o n  i s  independent of t h e  values of 0 ,  , 3 , , and I;. 
~ i g u r e s  12-21 a l s o  permit one t o  explore t h e  e f f e c t  of p a r m e t e r  
values on the  nature  of t h e  t r a n s l a t i o n a l  motion. consider,  f o r  exmpPe, 
the  parameter L, which charac te r i zes  t h e  i n e r t i a  e l l i p s o i d  of the 
body. Figures 14, 16, and 20 suggest t h a t  t h e  mass cen te r s  of bodies 
possessing d i f f e r e n t l y  shaped i n e r t i a  e l l i p s o i d s  must be  expected t o  
follow markedly d i f f e r e n t  t r a j e c t o r i e s .  I n  p a r t i c u l a r ,  t h e  t r a n s i t i o n  
from a p o s i t i v e  value of L t o  a  negative value can br ing  about a change 
i n  the  sign of D l ,  and thus a l t e r  t h e  d i rec t ion  of motion noticeably. 
The force  level ,  on t h e  o t h e r  hand, p lays  a r e l a t i v e l y  minor r o l e  as 
regards t h e  shape of t h e  t r a j ec to ry ,  a s  may be seen by reference t o  
Figures 14 and 15, which show t h a t ,  although t h e  values of and $4; 2 
used t o  generate Figure 15 a r e  twice a s  Large a s  those f o r  Figu:re 14, 
t he  t r a j e c t o r i e s  followed by t h e  mass cen te r  a r e  almost i d e n t i c a l ,  "This 
i s  not  t o  say, however, t h a t  the  force  l e v e l  i s  t o t a l l y  i r r e l e v a n t  t o  
t h e  motion, On the  contrary, a s  shown by Eqs. (4.48)- (4.50), (4,561- 
(4.581, and (4.62)-(4.64), D l ,  D 2 ,  and D3 a r e  d i r e c t l y  propor t ional  
t o  t h e  magnitude of the  applied fo rce  F, s ince  and F2 are 
proport ional  t o  t h i s  quant i ty ;  and t h i s  p ropor t iona l i ty  is, in fact,  
t he  reason underlying the  s i m i l a r i t y  of Figures 14 and 15. 
I n  conclusion, it can be s a i d  t h a t  the  approximate expressions f o r  
Di (i = 1,2,3)  describe a l l  e s s e n t i a l  f e a t u r e s  of t h e  motion s f  tvle 
mass cen te r  and t h a t  the  agreement between t h e  approximate and t h e  exact 
solu t ion  i s  such a s  t o  j u s t i f y  considerable confidence i n  the  Latter. 
4.4 A Specia l  Case 
P a r t i c u l a r l y  simple and revealing expressions f o r  D l ,  B2, and 
D3 can be obtained i f  B i s  a "slendert1 body, i f  t h e  misal-ignment o f  
F from t h e  mass cen te r  i s  "small," and i f  B has a pure t ~ h l i n g  motion 
- 
i n i t i a l l y ,  t h a t  is, i f  
and 
w3(0) = 0 
I f ,  i n  addit ion,  
then Eqs. (4.40) - (4.47) lead t o  (see Eqs. (4.25) - (4.34) 1 
Hence, s u b s t i t u t i o n  from Eqs. (4.77) and (4.78) i n t o  Eqs. (4.48) - j4,, 50) 
r e s u l t s  i n  
Since Di (i = 1,2,3)  a r e  l i n e a r  functions of x ,  it must be concluded 
t h a t  the  m a s s  cen te r  B* of B moves with constant  speed on a straiiqkt 
l ine.  
TO t e s t  t h e  accuracy of Eqs. (4.79)- (4.81), a graphica l  comparison 
( s e e  ~ i g u r e  22)  between t h e  r e s u l t s  obtained by using a  d ig i t a l .  computer 
so lu t ion  ( s o l i d  l i n e )  of t h e  exact  equations of motion, on the  one hand, 
and t h e  a n a l y t i c a l  descr ip t ion  (c rosses ) ,  on t h e  other  hand, was made 
f o r  
Exact So lu t ion  
u 1 rc Approximate So lu t ion  
Pigure 22. Comparison of So lu t ions  for P o s i t i o n  Coordinates  of 
Mass Center. hll = 1.0,  n3 = 0 ,  z = 0.01, k= 5COO,O,  
Se1=0.2, S 2 = 0 . 2 ,  viO=O (i = 1, 2 , 3 )  
The agreement between the predictions of the exact and of the approxrhmate 
solutions is seen to be excellent, 
5. SYMMETRIC GYROSTAT 
5.1 Introduction 
1t i s  t h e  purpose of t h i s  chapter  t o  show t h a t  t h e  approx:imate solu- 
t i o n  derived i n  the  preceding chapters  i s  not r e s t r i c t e d  t o  the descrip- 
t i o n  of motions of a  s ing le  symmetric r i g i d  body, b u t  can a l s o  be applied 
t o  a s p e t r i c  gyros ta t  ac ted  upon by a  force  f ixed  r e l a t i v e  t o  t h e  main 
body and by a  couple applied t o  t h e  rotor .  This s o r t  of  problem i s  of 
i n t e r e s t  i n  connection with space vehic les  possessing spinning components, 
5,2 System Description 
The system t o  be analyzed, shown i n  ~ i g u r e  23, c o n s i s t s  of a main 
body B and a  r o t o r  W ,  whose combined mass i s  m .  Together, 53 
and W form a  gyros ta t  G .  The i n e r t i a  e l l i p s o i d  of B f o r  the mass 
center  B* of B may have t h r e e  unequal p r i n c i p a l  diameters, whereas 
t h e  i n e r t i a  e l l i p s o i d  of W f o r  t h e  mass cen te r  W* of W i s  presusned 
t o  be an e l l i p s o i d  of revolution. ~ur thermore ,  it i s  assumed that W 
is connected t o  B i n  such a way t h a t  (1) W* and the  sp in  ax i s  of W 
a r e  f ixed i n  B ,  bu t  W can r o t a t e  r e l a t i v e  t o  B about this axl.s, 
and ( 2 )  t h e  i n e r t i a  e l l i p s o i d  of G f o r  the  mass cen te r  G* of G is 
an e l l i p s o i d  of revolut ion whose a x i s  i s  p a r a l l e l  t o  t h e  sp in  = i s  of W ,  
The center  of mass of the  gyrostat ,  G * ,  i s  located by a position 
vector  X r e l a t i v e  t o  a  po in t  0 t h a t  i s  f ixed i n  an i n e r t i a l  reference 
- 
frame A. Mutually perpendicular  u n i t  vec tors  -1' a  -2' a  and 
25 = dl X 3 a r e  f ixed i n  A ,  and mutually perpendicular u n i t  vectors 
b18 kb%,  and b3 = kl x b2 a r e  f ixed  i n  B p a r a l l e l  t o  the  principal 
Figure 23. Model of a Symmetric Gyrostat 
axes of i n e r t i a  of G f o r  G * ,  with b p a r a l l e l  t o  t h e  symmetry 
-3 
a x i s  of G .  C designates a reference frame f ixed ne i the r  i n  the 
gyros ta t  G nor i n  t h e  i n e r t i a l  reference frame A , b u t  constrained 
t o  move i n  such a way t h a t  a u n i t  vector  c3,  f ixed  i n  C ,  remains 
a t  a l l  t imes equal t o  the  u n i t  bector  b3 ; furthermore, mutually par- 
pendicular u n i t  vec tors  c and c2 a r e  f ixed  i n  C and a r e  noma1 t o  
-1 
c . Symbols denoting moments of i n e r t i a  of i n t e r e s t  can be defined i n  
-3 
terms of these u n i t  vectors  and t h e  i n e r t i a  dyadics - I~ of G f o r  G* 
and - ? of W f o r  W* by l e t t i n g  
and 
A force  F of cons tant  magnitude i s  applied t o  B a t  a point Q 
- 
which i s  located r e l a t i v e  t o  G* by a vector  - q .  The o r i e n t a t i o n  of 
F i s  f ixed i n  B , and both F and q l i e  i n  t h e  plane containir,g 
- - - 
G* and normal t o  b . Furthermore, W i s  subjected t o  t h e  action 
-3 
of a moment T of cons tant  magnitude and p a r a l l e l  t o  the  sp in  axis 
-4 
of W .  
The following s c a l a r  q u a n t i t i e s  a r e  used i n  t h e  sequel: 
When the  force  F exerted on B a t  Q i s  replaced w i t h .  a folcce 
- 
appl ied  a t  G* together  with a couple of torque T then 
-B " 
5.3 Analysis 
Since W can perform only spinning motion r e l a t i v e  t o  B abaut 
a l i n e  p a r a l l e l  t o  c3, t h e  angular ve loc i ty  BuW of W relative t o  
- 
B can be expressed a s  
where r denotes a  funct ion  of t h e  t ;  and, a s  B i s  constrained 
t o  r o t a t e  r e l a t i v e  t o  C about a  l i n e  p a r a l l e l  t o  c3, t h e  angular 
ve loc i ty  'wB of B r e l a t i v e  t o  C is  necessar i ly  p a r a l l e l  t o  c3 
- 
and can, therefore,  be expressed a s  
R C 
where s i s  a function of t .  Next, t h e  angular ve loc i ty  - lk, of 
C r e l a t i v e  t o  A can always be expressed i n  terms of functions 
A W  
and the  angular ve loc i t i e s ,  and w , of B and W relative 
- - 
t o  A a r e  then given by 
and 
The angular momentum - fIG of G with respect  t o  G* in A can be 
expressed a s  
EWE@, If  Eq. (5.15) i s  d i f f e r e n t i a t e d  with r e spec t  t o  t i n  t he  reference 
frame A, then 
The angular momentum HW of W with respect  t o  W* i n  A cac 
- 
be expressed a s  
W W ? .  c + ( p j t s + r )  1 W - c (5.17) 
H = P 1 z  * C 1 + P 2 -  
- -2 - 
-- 3 
from which it follows t h a t  
H' . c = (p3 + s +  r ) ~  
- -3 
and, d i f f e r e n t i a t i n g  with respect  t o  t ,  one obta ins  
Now, it can be shown t h a t  
Hence, from E q s .  (5.20) and (5.191, 
I n  accordance with t h e  angular momentum pr inciple ,  t h e  time- 
der ivat ive  of HG i n  A i s  equal t o  t h e  t o t a l  moment about G* o f  
- 
a l l  forces  ac t ing on G. Thus 
and it follows by s u b s t i t u t i o n  from Eqs. (5.7), (5.8) and (5,161 i n t o  
Eq. (5.22) t h a t  
Applying t h e  angular momentum pr inc ip le  t o  the  r i g i d  body W , one 
has  
where M denotes the  moment about W* of a l l  forces  exerted by B on 
- 
W . I t  then follows from Eqs. (5.21) and (5.26) t h a t  
where 
Eqs, (5.23) - (5.25) together  with Eq. (5.27) c o n s t i t u t e  the f irsk 
s e t  of bas ic  dynamical equations f o r  the  a t t i t u d e  motion of the  symet r ic  
gyros ta t  G .  The excess of unknowns over equations i s  a t t r i b u t a b l e  to 
t h e  fac t  t h a t  s i s  a function of t which was introduced solely for 
t he  purpose of a n a l y t i c a l  convenience, and may, therefore ,  be chosen at 
w i l l .  A choice which indeed s impl i f i e s  the  subsequent ana lys i s  i s  
(1. - J ) p 3  - K r  
S = 
J 
(5,291 
for t h i s  permits one t o  replace  ~ q s .  (5.23)- (5.25) and (5.27) with 
6, = 0 fS,30) 
5 ,  = 0 
6, = A, 
. and 
where i s  defined a s  
( I t  follows from t h e  d e f i n i t i o n  of J and K t h a t  J exceeds R ,  so 
t h a t  the  quant i ty  ( J -  K) appearing i n  the denominator of Eq. (5-33)  
i s  pos i t ive .  ) 
In tegra t ion  of Eqs. (5.30) - (5.32) immediately y i e l d s  
where the  subscr ip t  " 0 "  here and i n  what follows denotes the  val.ue 
of the  associa ted  quant i ty  f o r  t = 0 . Furthermore, from Eqs, (5.3%) 
and (5.29), 
where 
A t  t h i s  point  it becomes des i rab le  t o  express t h e  components s f  
angular ve loci ty  AwC - of C i n  A i n  terms of t h e  i n i t i a l  values of 
q u a n t i t i e s  d i r e c t l y  associa ted  with t h e  motion of G .  I f  zL i s  taken 
t o  be equal t o  bl a t  t = 0 , and 8 G i s  defined as t h e  radian 
measure of t h e  angle between b and c then 
-1 -1 ' 
Moreover, i f  mi (i = 1,2, 3) i s  now defined a s  
it follows by reference t o  Eq. (3.21) t h a t  
("2 = - pl s i n  BG + p2 Cos BG 
- 105 - 
Consequently, a t  t = 0 
where s i s  given by 
0 
from which one can obta in  p a s  3 0 
E q s .  (5.45), (5.46) and (5.49) now permit one t o  express pi (i =- l t  2#  31 
i n  terms of uiO (i = 1,2,3)  and r a s  follows: 0 
= "10 
(5. SO) 
Eqs. (5.50)-(5,52) have exactly the  same form as Eqs. (3,291.-63,311, 
This means t h a t  the  C-frame f o r  a symmetric g y r o s t a t  moves 1.i.k.e that far  
a symmetric r i g i d  body, regardless  of the  i n t e r a c t i o n  between W and 
B .  
Having determined the  angular ve loc i ty  - of C r e l a t i v e  to A .  
we next consider the  motion of B r e l a t i v e  t o  C ,  and of W re la t ive 
t o  B .  A s  regards the  former, it i s  only  necessary t o  r e c a l l  t h a t  s 
denotes the  angular speed of B r e l a t i v e  t o  C and t o  observe that 
Eqs. (5.38) and (5.49) y ie ld  
from which it i s  apparent t h a t  B sp ins  r e l a t i v e  t o  C with an angular 
speed s t h a t  depends on t h e  motion of W r e l a t i v e  t o  B , that is, 
on r .  The two motions under considerat ion a r e  thus  in t imate ly  r e l a t e d  
t o  each other ,  and an assumption regarding the  i n t e r a c t i o n  of B and 
W must be made before one can a r r i v e  a t  f i n a l  expressions £01: r ,  s ,  
and BG . 
I n  what follows, t h r e e  kinds of i n t e r a c t i o n  w i l l  be  considered: W 
constrained t o  remain f ixed i n  B ,  so t h a t  G moves a s  a  r i g i d  body; 
W permitted t o  r o t a t e  r e l a t i v e  t o  B about i ts  axis ,  t h i s  a x i s  supporteb 
by f r i c t i o n l e s s  bearings a t  both ends; and W subjected t o  the ac t ion of 
a torque which r e t a r d s  r o t a t i o n  of W r e l a t i v e  t o  B ,  t he  magnitude 
of the  torque being taken propor t ional  t o  t h e  sp in  r a t e  r ,  as nigh t  
be t h e  case i f  forces  a r e  t ransmit ted  from B t o  W through a viscous 
medium. 
Before proceeding with t h e  analys is  of these  t h r e e  cases,, it i s  
convenient t o  introduce t h e  following symbols: 
and 
W e  n o t e  f o r  f u t u r e  reference t h a t  ( see  Eqs. (5.54)- (5,611 and 
and 
From Eq, (5* 33), it follows t h a t  W remains permanently f ixed i n  
B if 
and 
r = O  ( o r  R = 0) (5,691 0 
Thus, i f  W i s  i n i t i a l l y  a t  r e s t  i n  B ,  then  a constant  mc>ment i s  
required t o  prevent  W from r o t a t i n g  r e l a t i v e  t o  B .  Expressions f o r  
pi ( i  = 1,2,3) and eG f o r  t h i s  motion a r e  
and 
and t h e  a t t i t u d e  and t r a n s l a t i o n a l  motions of G can now be  determined 
by making use of t h e  s o l u t i o n s  i n  Chapters  3 and 4, s i n c e  t h e  g y r o s t a t  6 
now behaves l i k e  a r i g i d  body. However, be fo re  one can apply the previ0u.s 
so lu t ions ,  t h e  parameters  P P3 , L L, and z must now be replaczed 
wi th  P P 61 3 3  "G ' and z G ' r e spec t ive ly .  
I f  W i s  allowed t o  r o t a t e  wi thout  r e s i s t a n c e  r e l a t i v e  t o  B ,  
t h a t  is, i f  M3 i s  equa l  t o  zero,  t hen  i n t e g r a t i o n  o f  Eq. (5-33) results 
i n  
and s u b s t i t u t i o n  from Eq. (5.74) i n t o  Eq. (5.53) y i e l d s  
s o  t h a t  ( s e e  Eqs. (5.40) and (5.75) ) 
cont inued 
where 
and 
Eqs. (5,50) - (5.52) and (5.76) a r e  s imi la r  i n  charac ter  to E q s .  
(3.29) - (3 ,3 l )  and (3-20). Hence t h e  a t t i t u d e  motion of the  s y m e t r i c  
gyros ta t  with a r o t o r  mounted on a s e t  of f r i c t i o n l e s s  bearings carr be 
determined by simply following t h e  s ix-s tep  procedure described at the 
end of Section 3.2, with t h e  exception t h a t  t h e  parameters AP3 , L, 
z , and 0 a r e  now replaced with P z GI'  ' ~ 3 ~  L ~ l  G G "  zmd Be 
def irled i n  Eqs. (5.66), (5.67), (5.39), (5.64), and (5.76), respectively, 
Moreover, a descr ip t ion  of  t h e  motion of G* can be obtained by u-E:iLiz- 
ing t h e  f ive-s tep  procedure es t ab l i shed  a t  t h e  end of Section 4-2, How- 
ever, the  parameters 6 and p must f i r s t  be replaced with GG 1 and 
PGl respect ive ly ;  furthermore, Pi (i = 2,.  . . , 9 )  must be replaced 
w i eh  
' ~ i  ( i = 2, . . 9 , which a r e  defined as follows: 
n P = PG1 - ( z G + 1 ) / 2  
a 
P = P, - ( z G -  1 ) / 2  
n 
PG8 ' PGl + (zG - 1) /2  
A 
DG9 = PGL 5 ( zG  + 1) / 2  
A s p e c i a l  case of i n t e r e s t  a r i s e s  when the  dimensionless ]?armuraeters 
z and R ,  which cha rac te r i ze  respect ive ly  t h e  ex te rna l  moment exer ted  W 
on W and the  i n i t i a l  sp in  r a t e  of W r e l a t i v e  t o  B ,  a r e  ~ h c s e n  i n  
such a way t h a t  0 remains equal t o  zero a t  a l l  times. Eqs, (5,961- G 
(5.78) show t h a t  t h i s  can be accomplished by taking 
and 
when Eqs, (5.87) and (5,88) a re  s a t i s f i e d ,  I3 and C move t o g e ~ e r  as 
a u n i t  r e l a t i v e  t o  A ,  and Eqs. (5.66), (5.671, and (5.641 a s s m e  
and 
One may r e c a l l  from the  p l o t s  of ei (i = 1,2,3) vs. x i n  chapter 
3 t h a t  t h e  angle e3  governing the  "spinningv' motion of C in A f o r  
a symmetric r i g i d  body i s  very s e n s i t i v e  t o  t h e  magnitude of z .  This 
means t h a t  the  o r i e n t a t i o n  angle e3 governing t h e  "spinning" "motion 
of c i n  A f o r  the  symmetric gyros ta t  G i s  s e n s i t i v e  t o  the 
" e f f e c t i v e  zw",r z 
G *  
Hence, f o r  a symmetric gyros ta t  with a 
f r i c t i o n l e s s  ro tor ,  not only can t h e  angle e~ be kept  equal t o  zero 
through the  proper choice of zW and R ,  b u t  t h e  angle Q3 can be 
reduced by  s e l e c t i n g  the  shape f a c t o r s  R and LG i n  t h e  expression 
f o r  z ( s e e ~ q .  (5.91))  su i tably .  G 
Another i n t e r e s t i n g  motion of G w i t h  a f r i c t i o n l e s s  r o t o r  ari.ses 
when the  r o t o r  i s  forced t o  spin a t  a constant  r a t e ,  say r 0 " The 
ex te rna l ly  applied moment Tw which i s  needed t o  maintain the  constant 
spin  r a t e  r f o r  W i s  ( see  Eq. (5 .74))  0 
I n  terms of the  dimensionless parameters, Eq. (5.92) becomes 
and it follows t h a t  
2 
Z = z  4-2 = 
B 
G W B  (14- 1) 
Consequently, t h e  a t t i t u d e  and t r a n s l a t i o n a l  motions of G i n  A can. 
be e a s i l y  obtained by following the  same scheme es tab l i shed  i n  the 
beginning hal f  of the  discussion of t h i s  case ;  however, z W i s  now 
replaced with ~ ~ ~ ( 4 - l -  1) 
When the  r o t a t i o n  o f  W r e l a t i v e  t o  B i s  r e s i s t e d  by an i n t e r n a l  
moment whose magnitude i s  propor t ional  t o  r ,  M~ can be expressed as 
where k i s  a p o s i t i v e  constant .  ~ q .  (5.33) then becomes 
and in tegra t ion  of Eq. (5.96) y i e l d s  
where 
*e 
i s  defined as  
Subs t i tu t ion  from ~ q .  (5.97) i n t o  Eq. (5.40) leads t o  t h e  follawing 
expression f o r  8, : 
I£ a new parameter U ,  associa ted  with the  damping constant  k, i s  
now defined as  
then Eq, (5.99) can be expressed i n  terms of dimensionless parameters 
a s  
where the  c o n s t a t s  6, @ G l "  and r a r e  defined a s  
and 
Comparison of Eqs. (5.101) and (3.140) shows t h a t  t h e  expression 
f o r  gG i n  Eq. (5.101) contains a cons tant  term, r , having no 
counterpart  i n  Eq. (3.140). Despite t h i s  d i f ference  between these  two 
equations, t h e  a t t i t u d e  motion of G can be determined by following 
the six-step procedure ou t l ined  a t  the end of  Section 3.2;  however, a n  
add i t iona l  system parameter, U ,  mus t  now be spec i f i ed  before car ry ing  
out  the computation of 
@G from Eq. (5.101). 
As far  a s  the  t r a n s l a t i o n a l  motion of G i s  concerned, the extra 
constant  term i n  the  expression f o r  
G 
presen t s  a s u b s t a n t i a l  problem, 
because t h i s  term makes it impossible t o  use the  so lu t ion  i n  Chapter 4, 
However, i f  the  system parameters R and zW a r e  chosen such t h a t  
then r = 0 and 8 becomes G 
which i s  i d e n t i c a l  t o  Eq. (5.73). Under these  circumstances, the  trans- 
l a t i o n a l m o t i o n  of G can thus be determined by reference t o  szlu- 
t i o n  i n  Chapter 4; and it can be seen t h a t  a symmetric gyros ta t  with a 
viscously damped r o t o r  can perform a t t i t u d e  and t r a n s l a t i o n a l  motions 
s imi la r  t o  those of a symmetric r i g i d  body, r ega rd less  of the dmptng 
constant  U ,  so long a s  U i s  not  equal  t o  zero. 
APPENDIX A 
Subroutine ARC 
SUBROUTINE ARC (CAI SA, N, QDOLD, QDNEW, AR, AD) 
C***INPUT: CA=COS(A) SA=SIN (A) 
C* **Om MUST INITIALIZE PARAMETERS : N, QDOLD, & QDNEFI IMMEDIATELY 
C FOLLOWING THE READ STATEMENT AT THE BEGINNING OF THE MAIN PROC;MM 
c BY SETTING THEM EQUAL TO ZEROS  MEMBER: THEY ~m INTEGERS) 
C IF' THIS SUBROUTINE IS CALLED "M" TImS SIMULTANEOUSLY IN "SFHE 
C MAIN PROGRAM TO COMPUTE INVEIRSES OF THE TRIGONOMETRIC FUNCTIONS 
C OF "MMPQAGLES, THEN ONE MUST INITIALIZE N, QDNEW, AND QDOm ''Mi' 
C TIMES AT THE BEGINNING OF THE MAIN PROGRAM AS FOLTDWS: 
C NE=N2=, . . . .=NM=O 
C QDNEWI=QDW2=. . , . . =QDNEWM=O 
C QDOLDL=QDOLD2=. . . . . =QDOLDM=O 
C** OUTPUT: AR=ANGLE-A IN RADIANS ADZANGLE-A IN DEGREES 
INTERGER GDNEW, QDOI;D, N 
o=o. 0 
PI=4. *ATAN ( 1. ) 
C=180. /PI 
If (CA.GT.O.AND.SA.GE.0) QDNEW=1 
IF (CA.lX.O.AND.SA.GT.0) QDNEW=2 
IF (CA. LT. 0.AND. SA. LF:. 0) QDNEW=3 
IF (CA. GE. 0.AND. SA. LT. 0) QDNEW=4 
IF (QDCLD.EQ.QDNEW) GO TO 135 
IF ( (QDoLD~EQ. 1.AND.QDNEW.EQ. 2) .OR. (QDOLD-EQ. 3.AND. QDNEW-EQ- 4) 1 
1GO TO 161 
IF ( (QDOLD.EQ. 2.AND.QDNEW.EQ. 1) .OR. (QDOLD.EQ.4.AND.QDmW.EQ. 3 )  
1GO TO 162 
IF (QDOLD.EG.O.AND.QDNEW.EQ.3) GO TO 177 
IF (QDOLD.EQ.O,AND.QDNE:W.EQ.2) GO TO 178 
IF ( (QDOLD-EQ. 4.AND. QDNEW.EQ. 1). OR. (QDOLD.EQ. l.AND.QDkW,EQ. 4) 
1 .OR. (QDOLDeEQ.2.AND.QDNEW.EQ.3).0R. (QDOLD.EQ.3.AND.QDWW.EQ-2) 
2 .OR. (QDOLD.EQ.O.AND QDNEW-EQ. I) -OR. (QDOLD.EQQ O.AND.QDmW*EQ- 41 1 
3 GO TO 135 
WRITE (6,131) 
13 1 FORMAT ( ' C ' , IOX, ' *WARNXNG* A QUADRANT OR MORE WAS SaPE"GD I ,  / )  
GO TO 173 
135 N=N 
GO TO 173 
161 N=N+1 
GO TO 173 
162 N=N-1 
GO TO 173 
177 N--1 
GO TO 173 
178 N=L 
GO TO 173 
1 7  3 QDOLD=QDNEW 
IF (CA.EQ. 0 )  GO T O  1 7 4  
AR=ATAN (SA/CA) +N*PI  
AD=C * AR 
GO TO 175 
174  AR= (-. 5+N) *PI 
AD=C *AR 
175 RETURN 
END 
APPENDIX B 
Breakwell 's Approximate Solut ion t o  the  Kinematical Equations 
Consider a symmetric r i g i d  body under the  ac t ion  of a body-fixed 
force  a s  described i n  Section 2.1, and suppose t h a t  the  angular ve loc i ty  
vector  i s  i n i t i a l l y  perpendicular t o  the  symmetry axis ,  t h a t  is ,  
- 
W30 - ' 3 0  = 0 .  Under Wlese circumstances, the  kinematical equations 
together  with the  i n i t i a l  condit ions a s  given by Eqs. (3.45) - (3,481 
assume t h e  following form: 
and 
It is, perhaps, remarkable t h a t  t h i s  apparently simple t h i r d  order  system 
of equations i s  not  solvable without recourse t o  some approximation 
techniques, The objec t  of t h i s  appendix i s  t o  present  an a p p r o x h a t e  
so lu t ion  developed by Professor J. V, Breakwell* i n  t h e  course of our 
inves t iga t ion .  
* Professor of Aeronautics & Astronautics, Stanford University, 
The f i r s t  s t e p  i s  t o  use t h e  met-hod of successive approximations 
employed i n  Section 3.2. Af ter  car ry ing out  the  i t e r a t i o n  process fou r  
times, one obta ins  t h e  following a s  t h e  four th  approximation t o  a . 
i 3 
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A s  i n  Section 3.2, Eqs. (B. 5 ) -  (B. 13) have been wr i t t en  i n  such a 
way t h a t  t i s  always mul t ip l ied  by A and divided by p when it 10 
appears outs ide  of the  argument of a t r igonometric  function,  and X i s  
divided by p2 when it i s  not  mul t ip l i ed  by t . Confining attention 10 
2 t o  s i t u a t i o n s  i n  which (h/p ) i s  r e l a t i v e l y  small, so t h a t  one may 10 
2 n drop a l l  terms containing (h/plO) with n 8 1, and omitt ing terms 
3 
containing only the  product of and a trigonometric function, 
one a r r i v e s  a t  r10 
-1 4 
"+) sin plot 
P1O 
1 A -1 3 2 
a33 = ~ 0 s  plot - 3 (-I- (g) sin plot - & (*) cos p & 
p10 loi" p10 
Next, if one defines e and p as 
and 
continued 
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suggests t h a t  U l e  following may be good approximations t o  a i j 
(i, j = 1, 28 3 )  : 
and comparison of these  expressions with those i n  Eqs. (B. 14) - (B, 2 2 )  
s i n  p 
a21 " 7 
a , cos p 2 2 
a23 w - - s i n  p 
€ 
a31 P: - cOS p e 
P1o 
a33 " y cos p 
A s  i n  Section 3.2, a dimensionless form of t h e  above expressions 
for a ( i, j = 1 2  3) can be obtained by introducing x and, z as i j  
follows: 
I n  terms of these  quan t i t i e s ,  Eqs. (B.33)- (B.41)  become 
2 2 -1 /2  
a , zx(l+z x ) 13 
2 -2 -1/2 
a 2 ~  = zx(l+z x ) s i n  p 
a 2 2  w cos P 
2 2 -1/2 
a23 " -  ( l + z  x ) s i n  p 
a 
2 2 -1 /2  
31. " - z x ( l + z  x ) cos p 
" s i n  p 
a 
2 2 -1/2 
3 3 "  (l+z x cos p 
where t h e  funct ion  p as defined i n  Eq. (Be 24)  can now be  w r i t t e n  i n  
terms of z and x by reference t o  Eqs. (B.42) and (B.43), with the  
r e s u l t  
1 -1 t - 2 log z 2 (B, 53) 
Now t h a t  the  approximate expressions f o r  the  d i rec t ion  cosines 
a (i, j  = 2 3)  a r e  a t  hand, approximate values of t h e  or ien , ta t ion  i j  
angles d2 8 and 8 3 '  describing t h e  o r i e n t a t i o n  of t h e  unit 
vectors  c c 
-1' -2 '  and -3 c r e l a t i v e  t o  -1 a "2 " and a a can be 
-3 
found by making use of Eqs. (2.20) - (2.22) with yij and y i n  place i 
of a and G i ,  respectively.  i j  
I n  order t o  obta in  a measure of t h e  accuracy of t h e  so lu t ion  under 
consideration, we s h a l l  r e s o r t  t o  a graphica l  comparison of the  orienta- 
t i o n  angles e l ,  e22" and e3  obtained by various means. 
Figures B - l  and B-2 each show the  r e s u l t s  obtained by using a d ig i -  
t a l  computer so lu t ion  ( s o l i d  l i n e s )  of the  exact  equations of motion, 
the approximate so lu t ion  (crosses)  described i n  Section 3.2, and 
Breakwell 's so lu t ion  ( c i r c l e s ) .  I n  both f igures ,  the  agreement be"cwen 
t h e  c i r c l e s  and s o l i d  l i n e s  i s  seen t o  be b e t t e r  than t h a t  between the  
crosses  and s o l i d  l ines ,  The super io r i ty  of Breakwellqs so lu t ion  over 
t h e  one developed i n  sec t ion  3.2 becomes more pronounced a s  z and x 
increase,  This i s  not  surpr is ing  s ince  Breakwell 's so lu t ion  i s  based 
on t h e  fourth approximation t o  a while t h e  approximate solution i j 
derived i n  Section 3 . 2  i s  based on t h e  t h i r d  approximation t c ,  a ij 
While Breakwellqs approximate so lu t ion  i s  more accurate than t h e  
one developed i n  Section 3.2, it has two drawbacks: It i s  r e s t r i c t e d  t o  
s i t u a t i o n s  i n  which the  angular ve loc i ty  vector  i s  i n i t i a l l y  perpendicu- 
l a r  t o  t h e  synmetry axis (i.e., uu30 = 0 ) ,  and the  d i f f i c u l t i e s  assoei- 
ated  with in teg ra t ing  Eqs. (4.4) - (4.6) when e (i, j = 1 2  3 a r e  given i j 
by expressions such a s  those i n  Eqs. (B. 33)- (B.41) a r e  such as to pre- 
clude solu t ion  of the  d i f f e r e n t i a l  equations governing the  motion o f  
t he  mass center .  
Exact Solu t ion  
- 50 x x x Approximate Solution 
P.ccording t o  Cect ion  3, " 
Figure  B-1, Comparison of  So lu t ions  f o r  0r ic l : ta t inn A n q l " ? ,  
Exact Solution 
Approximate Solution 
According to Section 3,2 
O Q d Breakwell's Solution 
Figure B-2. Comparison of Solutions for Orientat ion Angle,, 
a = 1.0, a, = 0 ,  z = 0,l 1 - 
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